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Preface

Numerical simulations of dynamical problems in inhomogeneous solids are
quite difficult for the case of moving discontinuities such as phase transi-
tion fronts or cracks. The origin of these difficulties is a constitutive defi-
ciency in the thermomechanical description of the corresponding irreversible
processes, which leads to an uncertainty in jump relations at moving dis-
continuities. Consequently, the construction of an appropriate numerical
algorithm should be complemented by the development of the thermome-
chanical theory.

The aim of this book is to provide a framework for the description of
moving discontinuities in solids and its implementation in a finite-volume
numerical algorithm.

The macroscopic description of moving discontinuities in solids (such
as phase-transition fronts or crack fronts) needs to go beyond the conven-
tional local equilibrium approximation, since both phase-transition fronts
and cracks propagate irreversibly accompanied by entropy production at
their moving front.

The numerical simulation of thermomechanical processes supposes the
application of a certain discretization method. Therefore, instead of in-
finitesimally small material “points”, which are in local equilibrium, in
numerical simulations we deal with finite-size computational cells, states of
which are non-equilibrium ones in general. To keep the meaning of thermo-
dynamic quantities well-defined, a projection of the non-equilibrium states
onto an equilibrium subspace is used conventionally. This means that the
non-equilibrium state of each computational cell is associated with an equi-
librium state of the accompanying reversible process. The simplest projec-
tion is the averaging of corresponding fields over the computational cell. An
averaging procedure over the control volume applied to appropriate conser-
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vation laws leads to a system of equations in terms of averaged quantities
and corresponding fluxes at boundaries of cells. Such a procedure is a basis
for Godunov-type finite-volume numerical schemes.

The main problem in the construction of a particular algorithm is the
proper determination of numerical fluxes. However, even if we are able to
determine the numerical fluxes in the bulk, their determination at moving
fronts is highly questionable.

Throughout the book, all needed fluxes are determined by means of the
local equilibrium jump relations. These local equilibrium jump relations
are formulated in terms of excess quantities, which characterize the non-
equilibrium states of computational cells. The continuity of excess quan-
tities across the moving discontinuity is used for the closure of the model.
This leads to the relation between the stress jump at the discontinuity and
the corresponding driving force, which allows us to determine the velocity
of a moving front. As a consequence, a thermodynamically consistent finite
volume numerical algorithm is obtained, which can be applied to both wave
and front propagation problems.

It is remarkable that similar considerations are applicable to another
problem of moving discontinuity, namely, to crack dynamics. In the case
of a moving crack, the local equilibrium jump relation at the crack front
is complemented by another assumption regarding the excess quantities,
which reflects the distinction between the problems of moving phase bound-
aries and cracks.

Examples of numerical simulations of phase-transition front propagation
and straight brittle crack motion show the applicability of the developed
non-equilibrium description to solve the problems of moving fronts.

A. Berezovski, J. Engelbrecht, G.A. Maugin
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Chapter 1

Introduction

In this introductory chapter we explain first the main notions used in the
book: waves, fronts, inhomogeneities, etc. and present some instructive
examples which illustrate the topics. Then the outline of the book is de-
scribed: theoretical considerations in the first part, followed by the analysis
of one- and two-dimensional problems.

1.1 Waves and fronts

Waves and fronts are apparently similar. However, there are slight but
essential differences between them in the admitted classical view. If waves
essentially correspond to continuous variations of the states of material
points representing a medium, then fronts are discontinuity surfaces (or
lines) dividing the medium into distinct parts. But the shared characteristic
feature of waves and fronts is their motion. The motion of waves and fronts
is governed by the same governing equations, namely, by the fundamental
conservation laws for mass, linear momentum, and energy in the standard
cases. This is why we consider wave and front propagations under a single
umbrella.

However, if these conservation laws (complemented by constitutive re-
lations) are sufficient for the description of thermoelastic waves [Achenbach
(1973); Graff (1975); Bedford and Drumbheller (1994); Billingham and King
(2000)], then for cracks or phase-transition fronts we need more. Certain
additional relations are required in the presence of moving discontinuities
in order to isolate a unique solution amongst the whole set of possible so-
lutions satisfied by given initial and boundary conditions.
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1.2 True and quasi-inhomogeneities

Our attention is concentrated on the wave and front propagation in inhomo-
geneous media. Material inhomogeneities are theoretically seen as defects in
the translational invariance of material properties on the material manifold.
Amongst these, we find true material inhomogeneities, e.g. material regions
of rapid changes in material properties due to a change of constitution; these
changes may be more or less smooth or even abrupt. We also find physical
and field properties which manifest themselves as quasi-inhomogeneities in
a general theory of inhomogeneity [Maugin (2003)], i.e. they contribute
in the same way as true inhomogeneities to the so-called balance of linear
momentum on the material manifold, an equation that just built for that
purpose. If the location of rapid changes in material properties due to a
change of constitution (true inhomogeneities) is prescribed as initial data,
then in contrast quasi-inhomogeneities, such as cracks or phase-transition
fronts, are moved during the process and are therefore part of the solution
of a particular problem. This is what make this problem simultaneously
more interesting and more challenging.

1.3 Driving force and the corresponding dissipation

Here quasi-inhomogeneities provided by field singularities are considered.
Unless they have a fractal structure, the support of these singularities may
only be zero-, one- or two-dimensional in our three-dimensional physical
and material spaces. We focus here on one- and two-dimensional singular
sets. As these sets appear to be displaced as a consequence of the general
evolution of a field solution under the time-dependent boundary conditions,
driving forces acting on them are defined by duality with velocities of points
of the sets in agreement with the basic vision of mechanics. The power
expended by the driving force should finally be written as the general bi-
linear form

Pf)=f-V, (1.1)

where f is the driving force, and V is the material velocity of points of the
set [Maugin (1993)]. In some cases, the observed motion of singular sets is
thermodynamically irreversible, and the force f of a non-Newtonian nature
acquires a physical meaning only through the power (Eq. (1.1)) it expends,
as this is, in fact, its definition in a weak mathematical formulation on the
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material manifold. The irreversible progress of the singularity set is then
governed by the second law of thermodynamics. This means (in terms of
temperature fg and entropy production og at the singularity) that

f-V=0s05 >0, (1.2)

and the closure of the full solution of the evolution problem requires the
formulation of a kinetic law relating f and V or a hypothesis about entropy
production at the singularity. Examples of singular material sets exhibiting
a driving force and dissipation are provided by cracks and phase-transition
fronts, two examples that will recur in this book.

1.4 Example of a straight brittle crack
Consider a regular (simply connected) material body in which a straight

through crack C(t) expands with material velocity Vi at the crack tip
(Fig. 1.1). The extension of the crack is collinear to the crack. The crack

Cw

Fig. 1.1 Macroscopic straight-through crack.

tip, in fact, is a straight line but it is seen as a point in a sectional figure
drawn orthogonally to this line.

A so-called material force acting at the crack tip (sucking the crack in
the body) is none other than the energy-release rate G [Maugin (2000)]

G:Fchoca'CzO. (13)
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Here the subscript C' denotes the crack tip, o¢ is the corresponding entropy
production, and 6¢ is the temperature at the crack tip.

It should be noted that the energy-release (time) rate G may be defined
as the decrease of total potential energy II due to a motion in a time unit

o
ot

According to Dascalu and Maugin (1993), this is nothing but the dissipated
power

G= (1.4)

Piiss =G=f-V >0, (1.5)

where, as in Eq. (1.1), f is the material driving force, and V is the material
velocity of the crack tip.

Another definition of the energy-release rate (without time involved) is
given by (cf. [Ravi-Chandar (2004)])

oIl

G :—%,

(1.6)
where a is homogeneous to a length, e.g., displacement of the crack tip
(increase in length) so that Eq. (1.6) is in fact a material gradient, hence a
material force. Of course one is tempted to write

G=Ga= (—8—H> a, (1.7)

a result that looks like Eq. (1.5) or Eq. (1.3).

In quasi-statics and in the absence of thermal and intrinsic dissipations,
the energy-release rate can be computed by means of the celebrated J-
integral of fracture [Rice (1968)] that is known to be path-independent and,
therefore, provides a very convenient estimation tool once the field solution
is known. However, the velocity at the crack tip remains undetermined and
requires additional consideration.

1.5 Example of a phase-transition front

A similar situation holds for a displacive phase-transition front propagation.
A stress-induced martensitic phase transformation in a single crystal of a
thermoelastic material occurs by the fast propagation of sharp interfaces
through the material (Fig. 1.2).
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Material inhomogeneity

Fig. 1.2 Discontinuity front.

Following the already mentioned balance of pseudomomentum [Maugin
(1993)], one can determine the driving force acting on the interface be-
tween phases. However, as in the case of the crack tip, this is not enough
to determine the velocity of the phase-transition front in crystalline solids.
Additional constitutive information is usually provided in the form of a
kinetic relation between the driving force and the velocity of the phase
boundary. The notion of a kinetic relation is introduced by Abeyaratne
and Knowles (1991) following ideas from materials science. It is well un-
derstood [Abeyaratne, Bhattacharya and Knowles (2001)] that the kinetic
relation is required because of the non-equilibrium character of the phase
transformation process. The derivation of the kinetic relation is therefore
the main problem in the description of the moving front propagation.

1.6 Numerical simulations of moving discontinuities

To perform numerical simulations of the motion of a discontinuity front
we need to know the answers to the following questions in addition to the
routine tasks of mesh generation and discretization of governing equations:

e how to compute the value of the driving force acting at the front
(and its critical value);
e how to calculate the velocity of the front;
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e how to determine the jumps of fields across the discontinuity front.

As we will see, the answers to the formulated questions can be given by
a combination of the material formulation of continuum mechanics, the
thermodynamics of discrete systems, and finite-volume numerical methods.
The description of the corresponding framework and its application is in
fact the main subject of the book.

It should be noted that the macroscopic description of moving fronts
in solids (such as phase-transition fronts or crack fronts) is based on the
conventional local equilibrium approximation (see, e.g. [Freund (1990);
Ravi-Chandar (2004)] for cracks and [Abeyaratne and Knowles (2006)] for
phase-transition fronts). This means that all the thermodynamic quanti-
ties, including temperature and entropy are defined following conventional
methods [Callen (1960)]. Extension of the local equilibrium approximation
to computational cells of finite volume computational schemes is not really
straightforward. First, the local equilibrium values of field variables may
be, in general, distinct from their averaged values, as shown by Muschik and
Berezovski (2004). Secondly, the numerical fluxes needed for the updating
of the local equilibrium state in a computational cell cannot be provided at
a moving discontinuity without taking into account the entropy production
due to the motion of this discontinuity.

Fortunately, there is a rather nice similarity between the discrete repre-
sentation of conservation laws [LeVeque (2002a)] and the thermodynamics
of discrete systems [Muschik (1993)]. Using this similarity, the Godunov-
type numerical schemes for simulation of wave and front propagation can be
reformulated in terms of excess quantities [Berezovski and Maugin (2001,
2002)], which appear in the local equilibrium approximation due to the
interaction between discrete systems. Moreover, numerical fluxes are de-
termined by means of the non-equilibrium jump relations at moving fronts
[Berezovski and Maugin (2005b)], which are also formulated in terms of ex-
cess quantities [Berezovski and Maugin (2004)]. The closure of the model is
achieved by an assumption concerning the excess quantities behavior across
the moving front. This leads to the relation between the stress jump at the
discontinuity and the corresponding driving force. Then the velocity of
a moving front (the kinetic relation) can be determined [Berezovski and
Maugin (2005a)]. As a consequence, we obtain a thermodynamically con-
sistent numerical algorithm which can be applied to both wave and front
propagation problems.
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1.7 Outline of the book

The whole book is virtually divided into three parts. The first part in-
cludes the introduction and three theoretical chapters. In the second chap-
ter, we briefly recall the description of inhomogeneities in the framework of
the material formulation of continuum mechanics [Maugin (1993); Kienzler
and Herrmann (2000)]. The third chapter is devoted to the derivation of
non-equilibrium jump relations at discontinuities. The small-strain approx-
imation of balance laws and jump relations used in applications is given in
the fourth chapter. The general description of the applied finite volume
algorithm is also presented.

In the second part of the book, the developed theory is applied to one-
dimensional problems of wave and front propagation. In the fifth chapter,
the application of the composite wave-propagation algorithm to the solution
of wave propagation problems in media with rapidly-varying properties is
demonstrated. The main advantage of the proposed theory is the possibil-
ity of its extension to the case of moving boundaries in solids. In this con-
nection, a non-equilibrium description of martensitic phase-transition front
propagation in solids is considered in the sixth chapter. The results of nu-
merical simulations of moving phase boundaries in the one-dimensional set-
ting are presented and the comparison with experimental data for impact-
induced martensitic phase transition is also given.

Two-dimensional problems are considered in the third part of the book.
Wave propagation in heterogeneous solids is the subject of the seventh
chapter. Details of the numerical algorithm in two dimensions are also
given here. The next chapter is devoted to waves in functionally graded
materials. Examples of two-dimensional phase-transition fronts dynamics
are considered in the ninth chapter. In the tenth chapter, the dynamics of a
straight brittle crack is studied. The velocity of the crack is determined in
terms of the driving force by means of non-equilibrium jump relations at the
crack front. Numerical simulations are compared with the corresponding
experimental data.

Overall conclusions are given in the last chapter. Details of the thermo-
dynamic description in the framework of the thermodynamics of discrete
systems are presented in the Appendix.
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Chapter 2

Material Inhomogeneities in
Thermomechanics

The classical theories of continua including the theory of thermoelasticity
describe the behavior of homogeneous bodies. However, in reality the as-
sumption of homogeneity is not sufficient: materials may be only piecewise
homogeneous, or may have regions with rapidly changing properties or have
microstructure. In such cases which are actually typical in contemporary
technology, the theories should be generalized in order to grasp complicated
structural and/or kinematical properties. In this chapter we explain basic
theoretical considerations in order to be prepared for more detailed analysis
in the next chapters.

Classical linear thermoelasticity is presented in various standard texts
such as those by Boley and Weiner (1960); Carlson (1972); Hetnarski (1986)
and Nowacki (1986). For the nonlinear framework, we refer the reader to
Suhubi (1975); Maugin (1988). Here we give the relevant field equations
and constitutive equations at any regular material point X in a material
body. The Piola-Kirchhoff formulation [Maugin (1993)] is used from the
start. This greatly simplifies the form of jump relations associated with the
conservation laws. A direct (no index) notation is used whenever there is
no ambiguity. An index (Cartesian tensor) notation may be re-introduced
where we feel it necessary or more convenient.

2.1 Kinematics

The material body is considered an open, simply connected subset B of the
material manifold M? of material points (or particles P), which are referred
to a position X in a reference configuration ¢ (Fig. 2.1).

Let x; be the actual (at time ¢) configuration of the solid body B in
physical space E3. The direct time-parametrized motion of X is given by
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Yo(P)

Y (P,1)
Ko

x(X,0)

K¢

Fig. 2.1 Body and configurations.

the sufficiently regular function
x = x(X, 1), (2.1)

which represents the time sequence of physical configurations occupied by
the material point X in E3 as time goes on. The physical velocity v and
the direct-motion gradient F are defined by

_ X .
A ToX
In terms of Cartesian components, the deformation gradient is represented
by

v = Vrx. (2.2)

t

i oz’

As concerns the inverse-motion description, it is assumed that

Jrp=det F >0 (2.4)
always. Then the inverse motion

X = x"Hx,1) (2.5)

is a well-behaved function. Thus, the material velocity V and the inverse-
motion gradient F~! can be defined by [Maugin (1993)]
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ox ! 1 ox!
V= F ' .= . 2.
ot ’ 0x (2:6)

x t

At all regular material points, v and V are shown to be related by
v+F-V=0. (2.7)

This is proved via the chain rule of differentiation [Maugin (1993)]. Here
the operation of a tensor on a vector (dotting a tensor from the right by a
vector) is defined as follows:

v=-F.V = ¢i=_-FVEK (2.8)

2.2 Integral balance laws

We now consider the case of thermoelastic conductors of heat. The integral
balance laws can be written using the configuration kg, referring to the
material body B and its bounding surface 9B of unit outward normal N
in the absence of external force and heat supply, as follows [Maugin (1992,
1993)]:

Balance of mass

d
— | po(X)dV = 0; (2.9)
dt Jg
Balance of linear momentum
d
— [ pdV = N-TdA; (2.10)
dt Jg OB
Balance of energy
d
—/ﬂ{dV: N (T -v-Q)dA; (2.11)
dt )z OB
Entropy inequality
d
—/ SdV + N-SdA >0, S=Q/0, (2.12)
dt )z B

where ¢ is time, po(X) is the matter density in the reference configuration,
P = poV is the linear momentum, T is the first Piola-Kirchhoff stress tensor,
H=K+EFE K= %pov2 is the kinetic energy per unit volume in the
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reference configuration, F is the corresponding internal energy, S is the
entropy per unit volume, § > 0 is the temperature (infd = 0), Q is the
material heat flux, and S is the material entropy flux. Dotting a tensor
from the left by a vector is defined by

(N-T), = NgTE. (2.13)

2.3 Localization and jump relations

Let A(X,t) be a material vector field which is only piecewise continuous
over the material body B of regular boundary 0B. A smooth discontinu-
ity surface such as § moving at material velocity V, divides B into two
regular subregions B*. Then we have the following theorems generalizing
the Green-Gauss theorem and the Reynolds transport theorem [Maugin
(1999a)]:

/VR-AdV:/ N-AdA+/N-[A]dA, (2.14)
B oOB—-8 S

aA‘ d/ /
—| dV = — AdV — [ Vy[A]dA, 2.15
/93 ot |x dt Jp_s s wiA (215)

where Vy is the normal component of the material velocity of the points
of 8. Here [A] = AT — A~, and A* are the uniform limits of the field A
in approaching the front from its positive and negative sides, respectively,
along the unit normal N to the surface oriented from its negative to its
positive side. Applying these theorems to integral balance laws we can
obtain both local balance laws and jump relations.

2.3.1 Local balance laws

By localization, at any regular point X outside §, we then have the following
local balance laws [Maugin (1997, 1998)]

0

9.1 —o 2.16

8tp0 < ) ( )
95l divaT =0 (2.17)
6tp < rL =0, .

9
E%}X—VR-(T-V—Q) — 0, (2.18)
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and the inequality of Clausius-Duhem

951 L vp-s>0. (2.19)
It |«

Here the divergence of a second-order tensor field is the vector with com-
ponents

(divgT); = ——~ (2.20)

and the divergence of a vector field is calculated as usual:

K
di’URQ:vR'QEgi?(—K. (221)

The energy equation (2.18) in the bulk can also be written in the form of
the heat propagation equation ultimately governing the temperature

623 Lva.q=o (2.22)
ot |x

because there is neither heat body source nor intrinsic dissipation.

2.3.2 Jump relations

Remaining contributions to the integral balance laws (2.9) - (2.12) form
the corresponding jump relations across 8. These are called the Rankine-
Hugoniot jump relations [Maugin (1997, 1998)]

Vnlpo] =0, (2.23)
Vnlp] + N -[T] =0, (2.24)
VN[H]+N-[T-v-Q]=0, (2.25)

and

Va[S] - N - [Q/6] = o5 > 0. (2.26)
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2.3.3 Comnstitutive relations

In the classical thermoelasticity of conductors, the constitutive equations
(laws of state) are given in terms of free energy per unit volume, W =
W(F,0), by
ow ow
T=—, S=—-—— (2.27)
OF 00
and Eq. (2.19) can be looked upon as a mathematical constraint on the
formulation of the constitutive equation for entropy flux. This flux should
also satisfy a “continuity” requirement such that

S(F,0,Vr0) -0 as Vg0 — 0. (2.28)

Equations (2.16) to (2.28), together with a more precise expression for
W and some of its mathematical properties (e.g., convexity), are those to
be used in studying sufficiently regular nonlinear dynamical processes in
thermoelastic conductors.

Here the definition for the derivative of a function of a tensor variable
in terms of Cartesian components is represented as

= —_—. 2.2
= gFr (229)

2.4 True and quasi-material inhomogeneities

The classical balance of linear momentum (with components in physical
space) (2.17) is related to the invariance under space translations in that
space (invariance under spatial translations) in the absence of body forces
(e.g., gravity which acts at the current physical point or placement x). This
is called homogeneity of space [Landau and Lifshitz (1986)]. Material space,
i.e. matter per se, has no reason to be homogeneous. On the contrary, many
materials are inhomogeneous in a smooth or more irregular or singular way.

Material inhomogeneities are, in general, defects in the translational
invariance of material properties on the material manifold. Among these
we find true material inhomogeneities, e.g. material regions of rapid changes
in material properties due to a change of constitution; these changes may
be more or less smooth or even abrupt. We also find physical and field
properties which manifest themselves as quasi-inhomogeneities, i.e. they
contribute in the same way as true inhomogeneities to the balance of linear
momentum on the material manifold.



Material Inhomogeneities in Thermomechanics 15

Following Maugin (2003), we call quasi- (or pseudo-) inhomogeneity
effects in continuum mechanics those mechanical effects of any origin which
manifest themselves as so-called material forces in the material mechanics
of materials [Maugin (1993, 1995)]. The reason for these is that the force
exerted on a true material inhomogeneity (a region of a material body where
material properties vary with the material point or are different from those
at other points outside the region) in a material displacement (caused by the
field solution of the problem) is through the inherent duality of continuum
mechanics the best characterization of the material inhomogeneity of a
body. Forces acting on smooth distributions of dislocations (one kind of
crystalline defect) and forces acting on macroscopic defects viewed as field
singularities of certain dimensions on the material manifold, such as the
forces driving macroscopic cracks or phase-transition fronts, are of this type.

However, the above-mentioned formalism does not reveal so far any
material inhomogeneities. That is, even if, more generally than Eq. (2.27),
we consider a free energy such as

W =W(F,0,X), (2.30)

with an explicit dependence of free energy on the material point X, the
preceding set of equations is not formally modified, so this is not an intrin-
sic formulation. We need to write an equation of balance directly on the
material manifold to see a manifestation of that inhomogeneity. This is ob-
tained by projecting canonically Eq. (2.17) onto the material manifold M?
of points X constituting the body [Maugin and Trimarco (1995); Maugin
(1997, 1998)].

2.4.1 Balance of pseudomomentum

The above-mentioned projection of the balance of linear momentum onto
the material manifold can be achieved as follows. Multiplying Eq. (2.17)
by F on the right we have

0
g (POV)

-F — (divgT)-F = 0. (2.31)
X

The last equation can be rewritten as follows

) OF
—(pov-F)| —pov- —=| —divg(T-F)+T:(VrgF)T =0, (2.32)
ot X ot |x

since (superscript T' denotes transposition)
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(divgT) - F = divg(T -F) — T : (VgF)". (2.33)

In terms of components, the former equation is represented as

orrs . 9 ok K OF

8XKFL 8XK(T Fy) = TZZ)XK (2.34)
9 .k K OF '
6XK(T Fy) = TZ&XL

We consider the second and fourth terms on the left-hand side of Eq. (2.32)
in more detail. For the second term we will have

OF

pov ool = pove (Vev)", (2.35)
x

because the material time derivative of the direct-motion gradient tensor
can be represented in the component form as follows

0 ( Oz’ )‘ 0 (83:1)‘ ov'
_ 9 _ grt\| _ v (2.36)
o \oxE )|, T axk \ ot )|y~ oxF

Arranging the right-hand side of Eq. (2.35) as

OF',
ot

1 1
pov - (Vev)l =Vg (§p0v2> — §v2VRp0
(2.37)

7 L o L,
= divp (2p0v ) I 2V VRrpo,
we finally obtain
OF

1
POV - E N = di’UR (§pov ) I-- 2va0 (238)

To represent the fourth term in Eq. (2.32), we consider the material gradi-
ent of the free energy

VeW(F,0,X) =divg(WI)
oW oW (2.39)
o5 (VrF)T + =-Vz,

VW )ex
( R ) pl + o 90
or, on account of the constitutive Eqs. (2.27),

divp(WT) = (VEW)ezp + T : (VRF)T — SV&6. (2.40)

Here the following notation is used
ow
(VRW)empl = A~

. (2.41)
X fized fields
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Therefore, the fourth term in Eq. (2.32) can be represented as follows

T: (ViRF)" = divg(WI) — (VRW )epr + SV RE. (2.42)
Substituting the obtained relations (2.38) and (2.42) into Eq. (2.32), we
will finally have

2(POV : F)’

, 1
5 + divg ((W - 5p0v2)1 ~T- F)

X (2.43)

1
+§"2VRpo + SVRO — (VERW )expr = 0.

The last equation is the desired projection of the balance of linear momen-
tum onto the material manifold. In fact, defining the Lagrangian density
of energy per unit volume L

L= %pO(X)V2 - W(F7 97X)5 (244)

the dynamical Eshelby stress tensor b
b:=—(LI+ T F), (2.45)
the pseudomomentum P
P = —pov-F, (2.46)

and the inhomogeneity forces
; 1
finh = 5v2va0 — (VaW)eapt, = SVg, (2.47)

we can rewrite Eq. (2.43) as the following fully material balance of momen-
tum called the balance of pseudomomentum in continuum physics:
i divgb = £ 4 £t (2.48)
ot |x
As we have seen, at all regular material points X Eq. (2.48) is a differential
identity deduced from Eq. (2.17). An embryonic form of this equation
for the case of statics in a purely hyperelastic homogeneous body in the
absence of applied force may be found in Ericksen (1977) — we referred to
this as Ericksen’s identity [Maugin (1993)].

According to Eq. (2.47) the “force” f*" indeed captures the explicit
X-dependency and deserves its naming as material force of inhomogeneity,
or for short inhomogeneity force. This is the first cause for the momentum
equation (2.48) to be inhomogeneous (i.e. to have a source term) while
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the original — in physical space — momentum equation (2.17) was a strict
conservation law. Even more surprising is that a spatially nonuniform state
of temperature (Vg6 # 0) causes a similar effect, i.e. the material thermal
force £ acts just like a true material inhomogeneity in so far as the bal-
ance of canonical (material) momentum is concerned [Epstein and Maugin
(1995)].

The energy equation (2.18) and the balance of pseudomomentum (2.48)
are canonical equations that involve all fields and degrees of freedom si-
multaneously. If this is obvious for the energy equation (2.18), which will
contain all other fields in a more complex coupled-field theory, the situa-
tion is less clear for the equation of pseudomomentum, which is, after all,
an equation of linear momentum. But the canonical nature of this is a re-
sult of the fact that it is generated by - or dual to - translations in material
space. That is, Eq. (2.48) reflects the invariance or lack of invariance of the
whole physical system under material-space translations. Obviously then,
the balance of energy and pseudomomentum are indeed time and space-
like conservation equations associated with the (¢,X) parametrization of
the “material” mechanics of continua.

A final remark is in order concerning the expressions of H and L. Al-
though no variational principle was introduced, these two quantities are
akin to Hamiltonian and Lagrangian densities, respectively, in analytical
continuum mechanics. The relationship between the two therefore involves
not only the usual Legendre transformation concerning kinetics but also the
Legendre transformation germane to thermal processes, so that in all we
have the double Legendre transformation [Maugin and Berezovski (1999)]

H=P-V+50—L. (2.49)

2.5 Brittle fracture

It is clear that at any regular material point X the local equations of mo-
mentum (2.17) and (2.48) are, through the Ericksen’s identity, direct con-
sequences of one another. However, if we integrate each of these over a
regular (simply connected) homogeneous material body B — of boundary
0B equipped with unit outward normal N — thanks to the trivial commuting
of material integration and material time differentiation and the mathemat-
ically justified use of the divergence theorem, we obtain the following two
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global equations:

d
L[ pav=[ N-.-TdA, (2.50)
dt Jg oB

and

L pav=[ N-baa+ / (£ +£7) av, (2.51)
dt Jz 0B B

respectively, where the second must be understood component wise (on the
material manifold) because, in contrast to what happens in Eq. (2.50), the
quantities involved in the integrands in Eq. (2.51) are material covectors
and the material manifold M? does not play the same neutral role as that
played by the Euclidean physical manifold E? in Eq. (2.50). Obviously, in
writing the global forms, we lost the convection property relating the two
equations of linear momentum. This means that Eqgs. (2.50) and (2.51)
can be used for different purposes, essentially Eq. (2.50) for solving the
physical initial-boundary value problem and Eq. (2.51) for the construction
of forces acting on defects and devising a criterion for the progress of such
defects. Equation (2.51) must also be compatible with the global energy
conservation equation (2.11) for the relevant material region

d
E/B‘%dv: [ N.rv-Qaa (2.52)

In a field-theoretical vision, defects correspond to mathematical singulari-
ties of fields in a continuous description, essentially the stress and strain
fields in elasticity. An important subject of contemporary theoretical and
applied mechanics is that of fracture. The most relevant notions developed
by engineers in that context are those of a driving force acting on the tip of
a crack and of energy-release rate. These two receive their best framework
in the thermomechanics corresponding to the exploitation of global equa-
tions of the types (2.51) and (2.52). The reason for this is that Eq. (2.50),
although global, does not capture the singularity of the mechanical field at
the tip of the crack. But Egs. (2.51) and (2.52) do the job because they
involve integrands which have a higher degree of singularity. Furthermore,
the notion of a driving force acting on the tip of a crack (a set of zero mea-
sure) can only be defined by a limiting procedure applied to a more global
quantity, for example, an integral over a material region surrounding the
singularity. This justifies the use of Eqgs. (2.51) and (2.52), jointly and not
only one of them as commonly thought in these considerations.
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2.5.1 Straight brittle crack

To illustrate our viewpoint, consider that the body B presents a straight
through notch made of two flat faces §* distant of 2d, parallel to the X;-
axis, and ending in the body in a semicylinder I'*(d) of radius d (Fig. 2.2).
The body is infinite along the cylinder generators, so the problem is essen-

Fig. 2.2 Notch in an elastic body.

tially two-dimensional. The front of the notch is supposed to progress as
a rigid surface, keeping the two flat faces parallel and free of loading, with
a material velocity V(X,t). That is, we have the following traction-free,
adiabatic conditions

N.-T=0 and N-Q=0 at S$TUTI*(d). (2.53)

The material body B of regular boundary 9B UT*(d) - apart from the flat
faces that are not acted upon and such that V- N = 0 and, therefore,
play no role - is simply connected and present no field singularities inside
it, so that global formulas of the types Eqgs. (2.51) and (2.52) hold good
except for the fact that one part of the boundary surface is moving and
the generalized Reynolds transport theorem needs to be implemented. The
results of the integration Eqs. (2.51) and (2.52) over this “notched” body
are

1/ TIdV—i—F[:/ (N-b),dA+/(fi"h+fth)1dm (2.54)
dt Jg B B
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and

d
—/J-CdV+G: N- (T -v-Q)dA, (2.55)
dt Jg OB
where we were cautious to write the first in component (I) form and observe
the appearance of source terms due to the inward motion of the crack front.
These are given by

F1:/ (—LN; + P (V- N)) dA, (2.56)
and

G= [ H(V- -N)dA, (2.57)
I
on account of Eq. (2.53) [Dascalu and Maugin (1995)]. These are the
components of a material force and an energy-release rate, respectively.
Notice that the normal N is oriented inward along I'*.

Another way to compute F; and G is to integrate Eqs. (2.51) and
(2.52) over a subbody € of B that is bounded by a surface I' around and
moving with the crack tip, ending on both straight faces $*. Account-
ing for expressions (2.54) and (2.55) we then obtain the global balance of
pseudomomentum and energy over € as

: d
Fr = /(N-b), dA+/(fmh + £y dv — —/?I dav, (2.58)
and
G:/N-(T-V—Q)dA—i/%dv. (2.59)
r dt Je

We recognize in the last expression minus the change in potential energy
(dynamic thermoelastic, homogeneous case) changed of sign, that is, the
dissipation rate in the progress of the notch inside the material body. Ac-
cordingly, there must be a relationship between the latter quantity and the
power expended irreversibly by the material force of component F;. Follow-
ing Dascalu and Maugin (1993), we establish this relationship in the limit
as the notch reduces to a straight through crack of zero thickness. In this
limit, which is assumed to be uniform, we thus have the following reduced
expressions for the sharp crack case as d — 0

Fr = lim (=LN7 +Pr(V -N))dA, (2.60)
4=0Jr+(a)
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and

G = lim H(V -N)dA. (2.61)

4=0.Jr+(a)
Let P be a point of I'* and X, its material coordinates. Let r be the position
of a point with respect to P. The general motion is written (compare to

Eq. (2.1))
x(X,t) = x(X, +r,t) = X(r,1). (2.62)

By differentiation with respect to time and convection back by F~!, this
yields
_ I -

V=V-F gl V =V/E;, (2.63)
where E; is a material basis. We obviously suppose all points of I'* are in
uniform motion, that V = V(t) only (“en bloc” motion as if I'* were rigid),
so the second contribution in Eq. (2.63); in fact vanishes. On account of
this we can multiply Eq. (2.60) by V and commute with the limit and
insert in the integration to obtain

V- F = lim (=L +(P-V))(V-N)dA. (2.64)
4=0Jr=(a)

Therefore, comparing to Eq. (2.61), we have

V- F=G-lim (6S)(V - N)dA, (2.65)
d—0 I (d)
on account Eq. (2.49). But the last quantity in Eq. (2.65) converges toward
zero [Maugin (1992)], so

V.F=G>0, (2.66)

where the inequality sign indicates the thermodynamical irreversibility of
the crack growth phenomenon. This corresponds to the presence of a hot
heat source at the crack tip, an effect that can be observed via infrared
thermography [Maugin (1992)].

The perspicacious reader will have noticed that expression (2.58) — the
component along the crack direction — is a dynamical thermoelastic gen-
eralization of the celebrated FEshelby-Cherepanov-Rice J-integral of brittle
fracture (e.g., [Rice (1968)]) if we remember the expression of the dynamical
Eshelby tensor b. The present formulation is strictly based on thermome-
chanical arguments on the material manifold.
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2.6 Phase-transition fronts

In the case of phase transition fronts we consider the possible irreversible
progress of a phase into another one, the separation between the two phases
being idealized as a sharp, discontinuity surface 8(¢) across which most of
the fields suffer finite discontinuity jumps. A phase transition consists of a

“material”

local material rearrangement of the material and, therefore, a
description based on the exploitation of the Eshelby stress imposes itself.
The presence of §(t) brakes the material symmetry of the material body as
a whole and manifests a material inhomogeneity. Consequently, the critical
equation for the description of the phenomenon is not only that relating to
dissipation but also the equation associated with the lack of conservation
of pseudomomentum across 8(t), that is, the associated jump relation that
is generated by a change of “particle” on the material manifold: the driving

force acting on the transition front will, therefore, be a “material force”.

2.6.1 Jump relations

The main problem here consists of writing down a consistent set of thermo-
mechanical jump relations across the front 8(¢). The phase transition fronts
considered are homothermal (no jump in temperature; the two phases co-
exist at the same temperature) and coherent (they present no defects such
as dislocations). Consequently, we have the following continuity conditions
[Maugin and Trimarco (1995); Maugin (1997, 1998)]:

[f)=0 and [V]=0 at 8. (2.67)

Jump relations associated with strict conservation laws (2.23)-(2.25)

Vnlpo] =0, (2.68)
Vn[p] + N - [T] =0, (2.69)
VN[H]+N-[T -v—-Q] =0, (2.70)

are complemented by jump relations for entropy and pseudomomentum
with formally added unknown source terms to the strict conservative form
[Maugin (1997, 1998)]

Vn[S] =N -[Q/f] = 05 > 0, (2.71)
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Vn[P] + N - [b] = —fs. (2.72)

Accordingly, the interesting relationship is the one that relates the unknown
driving force fs and the equally unknown (but non-negative) surface en-
tropy source og. This last condition is the requirement of the second law
of thermodynamics. If the theory is consistent, these cannot be entirely
independent. The looked for consistency condition in fact allows one to
close the system of phenomenological equations at 8§ in compliance with
the second law.

2.6.2 Driving force

To proceed toward this aim, we evaluate the power expended by the mate-
rial surface force of inhomogeneity fs in a motion of 8(¢) with the velocity
Vs

Ps :=fs - Vs. (2.73)
According to the jump relation for the pseudomomentum (2.72), we have
fs - Vs = —Vn|[P]- Vs — N - [b] - V5. (2.74)
Accounting for the continuity condition (2.67)2 one can write
fs - Vs = —[VyP-V] - [N (b-V)]. (2.75)
Remembering the definition of the pseudomomentum we can calculate
P-V=—(pov-F)-V=pyvi (2.76)
Further, according to the definition of the Eshelby stress tensor
b:= —(%pOVQ - W)I-T-F, (2.77)
we arrive at
bV = —(%pov2 ~W)V—(T-F)-V = —(%povz —~W)V+T- v. (2.78)
Substituting Egs. (2.76) and (2.78) into Eq. (2.75) we have then
£ Vs = —[Vipov?] + [N (Jpov® ~ W)V N (T-v),  (279)
or

Ps=fs-Vg = —[VN(%p()VQ +W)+N- (T v). (2.80)
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[v] = —[F - N|Vy. (2.91)
Gathering the partial results (2.85), (2.86), and (2.82), we obtain
Ps=fs- Vg = —Vy[W — (N-T) - (F-N)]. (2.92)
The same can be expressed as
Ps =fs- Vs =Vnfs, (2.93)
where the scalar driving force fs is introduced
fs=—-[W—-(N-T)- (F-N)|. (2.94)

The result (2.94) is universal in so far as the continuity conditions (2.67) are
fulfilled; no hypothesis of small strain or quasi-statics has been envisaged
[Maugin (2000)].

2.7 On the exploitation of Eshelby’s stress in isothermal
and adiabatic conditions

The Eshelby stress tensor b is defined above on the basis of the free energy
per unit reference volume, W (F, 6):

b=—(LI+T-F), (2.95)

(), (), e

F is the deformation gradient, T is the first Piola-Kirchhoff stress tensor,
L = K—W is the Lagrangian density of energy per unit reference volume, K
is the kinetic energy density, and S is the entropy density per unit reference
volume.

Here (in thermoelasticity), b satisfies the equation of balance of pseudo-
momentum (we discard material inhomogeneities and external body forces
for the sake of simplicity; cf. Eq. (2.48)):

0P

—| —divgb=f" 2.97
atx VR 5 ( )

wherein

where

P=—pov-F, fth=25Vgb. (2.98)



Material Inhomogeneities in Thermomechanics 27

To be more precise in the notation we should write Ty and by, instead
of T and b since the latter are built on W. Thus Egs. (2.96)1, (2.97) and
(2.98)5 should be written as

— ow P : __ gth th _
TW = ( OF )0, ot < dZ’URbW = Iy, fW == SVR9 (299)

The above consideration of W is well adapted to the cases when homoth-
ermal conditions prevail. As is well known, for adiabatic conditions, one

better considers as reference energy the internal energy density E, related
to W by the Legendre transformation

W =FE - 08, (2.100)

0= (g—?)F, (2.101)

must be non-negative according to the physical meaning of the thermody-
namical temperature. Hence E(S,Ff;zeq) must be an increasing function
of S. Obviously, we can define the Piola-Kirchhoff stress tensor in terms of
E, being careful to use the following notation

Tp = (g—i)s. (2.102)

It follows from Eqs. (2.99);, (2.100), and (2.102) that

ow OF oS OF
rw=(3r), = (5),+* (), = (5), =T =T

Substituting both Egs. (2.100) and (2.103) into Eq. (2.95), we have

where temperature

by = —((K — E+ 651+ Tg-F), (2.104)

or, equivalently,

by =bg — (0951, (2.105)
if the Eshelby stress tensor based on E is obviously defined as
bg=-(K—-E)JI+Tg-F). (2.106)

Defining a thermal material force £ by
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fil = —V RS, (2.107)

we obtain that the material momentum equation (2.99), takes on the fol-
lowing form

o>

F. divgbg = fi, (2.108)
since
il = divp (SOI) + £ (2.109)

Equation (2.108) is that equation to be used in almost adiabatic conditions,
when we know the adiabatic elasticity coeflicients. Strictly in uniform adi-
abatic conditions, f' = 0.

2.7.1 Driving force at singular surface in adiabatic condi-
tions

In order to write the jump relation associated with the balance of material
momentum at a singular surface 8, we simply used the formalism of hyper-
bolic systems for the terms in divergence and time derivative and added an
as yet unknown surface material force to be determined. That is, together
with the balance equation (2.99)2 at regular material points in the body,
at 8 we had the following jump relation:

VN[(P] + N - [bw] = —f&W, (2110)

The unknown driving force present in that equation, in the spirit of
d’Alembert’s principle, is evaluated by computing the dissipated power
fs.w - V that it expends in its motion of material velocity V.

In the adiabatic case, we could as well have proposed the jump relation

VN[P]+N-[bg] = —fs p (2.111)
at 8§, where the “source” term is a priori different from the one in Eq.
(2.110). On substituting from Eq. (2.105) into Eq. (2.110), we find that

VN[P] + N - [bg] = —fs.w + N[50], (2.112)
from which we deduce that
fs g = fs.w — N[96], (2.113)

an expression which is in harmony with Eqs. (2.108)-(2.109) if we replace
formally the divergence by the normal jump.
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2.7.2 Another approach to the driving force

Evaluating the power expended by the material surface force of inhomo-
geneity fs in a motion of §(¢) with the velocity Vs by means of the jump
relation for the pseudomomentum (2.110), we have

1
Ps =fsw Vs = —[VN(EpOVQ +W)+N-(T-v)]. (2.114)

On the other hand, we extract the scalar quantity N - [Q] from the jump
relation for energy (2.70)
N.-[Q=VN[H]+N-[T: V] (2.115)

We can represent the jump relation for entropy (2.71) in the form

VN[S]—N~[Q]<$>—N~<Q> H = 0. (2.116)

As it was noted by Abeyaratne and Knowles (2000), both in the adiabatic
and non-adiabatic cases

QY] =0 (2.117)

at 8(t) (this means that either one of the two factors is zero separately and
thus defines the two situations), and therefore necessarily

N-[Q] <<%> - %) —0 and N-(Q) [H — 0. (2.118)

Substituting N-[Q] from Eq. (2.81) into Eq. (2.82) and taking into account
Egs. (2.117) and (2.118) we obtain

Vn (0)[S] — Vi [H] = N - [T - v] = (6)05s. (2.119)

Remembering the definition of the free energy density (2.100) we have

Va (0)[S] — Vv [0S] — [VN(%povz +W)+N- (T v)] = (f)os. (2.120)
Comparing Eqs. (2.80) and (2.85) we conclude

fsw - Vs — Vv (S)[0] = (0)os. (2.121)
Since Viy = N - Vg, the latter relation can be rewritten as

(5.0 — N(S)[B]) - Vs = (9)os. (2.122)
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The expression within parentheses on the left-hand side of the latter equa-
tion is what is considered as driving force by Abeyaratne and Knowles
(2000). In isothermal processes it obviously coincides with fg -, and in
adiabatic processes [Abeyaratne and Knowles (2000)]

5.0 — N(S)[0] = N(B)[S), (2.123)
which leads to
fs w = N[S0], (2.124)

in full correspondence with Eq. (2.113) since fs g = 0 in adiabatic pro-
cesses.

2.8 Concluding remarks

The canonical formulation of the thermomechanics of elastic conductors
of heat on the material manifold clearly plays a fundamental role, not in
solving the original field problem, but in evaluating thermodynamically
admissible driving forces, such as in the cases of brittle fracture and the
propagation of phase transition fronts. These fictitious (following the re-
mark of Eshelby) forces place in evidence the quasi-inhomogeneity in the
continuum mechanics expressed directly on the material manifold, that is,
where the geometrization of such mechanics is most effective. Furthermore,
the canonical formulation thus emphasized links inevitably mechanics and
dissipative effects of a topological nature as shown by the establishment of
compatibility conditions between the expression of material driving forces
and global dissipation. Finally, the presence of additional balance laws that
would be redundant in many cases (in the absence of field singularities) pro-
vides checking means of numerical schemes or, even better, the framework
for an original numerical scheme.



Chapter 3

Local Phase Equilibrium and Jump
Relations at Moving
Discontinuities

The material formulation of continuum mechanics gives us the general basis
for a description of the dynamic behavior of inhomogeneous media includ-
ing discontinuities. The governing equations are balance laws with source
terms and jump relations at discontinuities. However, in the case of moving
discontinuities, such as crack fronts and phase-transition boundaries, the
jump relations depend on the velocity of the discontinuity, which remains
undetermined.

In the case of phase transformations, this situation is well described by
Anderson et al. (2007): “When a phase transformation does occur, there is
an additional kinematical degree of freedom represented by the motion of
the interface relative to the material; because of this the interfacial expres-
sions for balance of mass, momentum, and energy fail to provide a closed
description: an additional interface condition is needed to account for the
microphysics associated with the exchange of material between phases.”

Contemporary attempts to improve and generalize the jump conditions
at the discontinuities [Gurtin and Voorhees (1996); O’Reilly and Varadi
(1999); Cermelli and Sellers (2000); Gurtin and Jabbour (2002); Irschik
(2003); Fischer and Simha (2004)] left the velocity of the discontinuity
undetermined. This indeterminacy relates to entropy production due to
irreversible motion of the discontinuity. From the thermodynamical point
of view, the presence of entropy production requires to revise the jump
relations at the interface between two systems in non-equilibrium.

The main idea is to use the so-called local phase equilibrium conditions
at the phase boundary instead of the classical equilibrium conditions. The
difference between the local phase equilibrium conditions and the classical
equilibrium conditions is due to the total entropy, which is conserved in
the classical full equilibrium, but this is not the case in the local phase

31



32 Numerical Simulation of Waves and Fronts in Inhomogeneous Solids

equilibrium. Therefore, the local phase equilibrium conditions should have
a form which does not contain the entropy explicitly. As we shall see,
this is impossible for thermodynamic potentials represented as functions of
natural sets of independent variables.

If we change the set of natural variables for internal energy to another
one, we will not, in general, yield all the thermodynamic properties of
the system. Moreover, the properties of convexity of the internal energy
may not be preserved. While this is not desired in most cases, the loss of
convexity is acceptable in the description of the behavior of a two-phase
material [Ericksen (1998)]. Having looked at the intrinsic stability of simple
thermodynamic systems in the forthcoming section, we shall be able to
specify what is to be understood by “local phase equilibrium” in section
3.2, and then we can proceed with non-equilibrium states and what happens
more particularly at a discontinuity surface.

3.1 Intrinsic stability of simple systems

We start with a reminder of the intrinsic stability conditions for single-
component systems, which gives us some heuristic idea about possible sets
of independent variables for internal energy in the case of local phase equi-
librium.

A single-component fluid-like system is characterized by entropy S as
the function of internal energy U, volume V and mass M of the system
[Callen (1960)]

S = S(U,V, M). (3.1)

The entropy maximum postulate yields that the hyper-surface S =
S(U,V, M) in the thermodynamic configuration space should have the prop-
erty that it lies everywhere below its tangent planes. This implies conditions
for the derivatives of the fundamental relation [Callen (1960)]

82S>
<5U2 V,M
825>
(3V2 UM

and

928 928 928 \?
_ >0
auzov:  \auav ) =
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The stability criteria can be reformulated in the energy representation U =
U(S,V,M). Whereas the entropy is maximum, the energy is minimum;
thus the concavity of the entropy surface is replaced by convexity of energy
surface. The local conditions of convexity become [Callen (1960)]

02U oT
- - - | — > .
(aSQ)V,M (aS)V,M =0 (85)

0*U dp
—_— = — —_ > . .
(aW)S,M (aV>S,M =0 (36)

It follows that the Helmholtz free energy W = W(T,V, M) is a concave
function of the temperature and convex function of the volume [Callen

(1960)]
(57, ()20 o

O*W dp
= | —= > 0. .
(8L2)T,M (‘%)T,M_O (38)

If the stability criteria are not satisfied, the system breaks into two or more
phases. Therefore, it is supposed that the nucleation of a new phase in a
single-component system corresponds to the marginal stability condition

O*WwW dp
(7)== (7)., 6

This condition can be expressed in terms of the thermodynamic derivatives
of the internal energy as follows

ou ou
— == . 3.10
(8V>T,M (8V)p,M ( )
In fact, comparing the total differentials of the energy
dU = ou dv + ou dl + v dM, (3.11)
oV ) T )y ur oM ) ¢y

and
oU oU oUu

dU—<—> dV+<—) dp+<—> dM, (3.12)
V) s )yt aM ),
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we have by account of Eq. (3.10)

dp [ Op

since the mass of the system remains unchanged. The latter means that
the pressure is independent of the volume (p = p(T, M)), which gives Eq.
(3.9).

Thus, the marginal stability condition can be expressed in terms of
thermodynamic derivatives of the internal energy with respect to volume
at fixed temperature and pressure, respectively.

3.2 Local phase equilibrium

After the nucleation of the new phase, the two-phase material consists of
two single-component fluid-like systems separated by a sharp interface.

3.2.1 Classical equilibrium conditions

First we recall how the classical equilibrium conditions of single-component
fluid-like systems are derived.

Consider two single-component fluid-like systems separated by a sharp
interface and surrounded by the environment which is the same for both
systems. In general the systems are in non-equilibrium whereas the environ-
ment is presupposed to be in equilibrium because of its reservoir properties.
To be able to use common thermodynamic parameters, we suppose follow-
ing [Kestin (1992)] that the non-equilibrium state of each system can be
associated with a local equilibrium state of the accompanying thermostatic
system.

In the case of a single-component system, we must know the values
of three variables for the complete description of the equilibrium state of
the system. In general, the states of the two systems may have different
entropies S and S, volumes V(") and V), and masses M) and M ()

S £ s@  ym £ v M £ M@ (3.14)

Consider also the composite system which combines both systems 1 and 2.
Suppose that the composite system is in full equilibrium with the environ-
ment. Then

dch = 07 dScs - 0; d‘/cs - 07 nds - Oa (315)
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where U denotes the internal energy and subscript “cs” denotes the com-
posite system.

To derive the classical equilibrium conditions we consider the sum of
total differentials of the internal energy for both systems

_ @) _
AU = (8[] ) dSW+
V.M

o ' (3.16)
(@) . (4) _ '
+ (8[] ) dv® + <—8U > dM®.
ov S, M oM S,V
Due to additivity of extensive quantities
U =UD 1+ U@ g =950 1 5@
(3.17)

Ve=VDO 4 v@  ao=MO 4 MO

and equilibrium conditions for the composite system (3.15), we obtain for

(8U(1)) B (aU(2)) 45

a8 V.M a8 V.M
(1) (2)

+ <8U ) —(aU > dvm (3.18)
ov S.M oV S0

(1) @)
(%), - (Gar ) Janr® o
oM S,V oM S,V

Since three independent variables can be varied arbitrary, we have zero

this sum

jumps of the corresponding partial derivatives of the internal energy

:<Z_Z)V1M_ —0 or [0]=0, (3.19)
_<g_g)SM_ —0 or [p=0, (3.20)
:(%)S)V_ —0 or [4=0, (3.21)

where 6 is temperature, p is pressure and p is chemical potential.

Thus, the classical equilibrium conditions consist, for fluid-like systems,
of the equality of temperatures, pressures and chemical potentials in the
two systems. The generalization of the equilibrium conditions to the case
of solids can be found in Cermelli and Sellers (2000).
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3.2.2 Local equilibrium jump relations

What we need are the conditions of local equilibrium between the two
phases, since in the case of a moving phase boundary we never reach the
full equilibrium state. Suppose that the local equilibrium states of the two
phases are strongly different. This means that the values of thermodynamic
state functions are not the same in the two systems

S¢0) +# 5(2)7 7480 # V(Q), MM # M@ (3.22)

It is clear that this difference in values of thermodynamic state functions
is incompatible with classical equilibrium conditions (3.19)-(3.21). This
incompatibility is expected, because our two systems are only in a local
but not in the full equilibrium.

In the full equilibrium the total energy, the total entropy, and the to-
tal mass are conserved. However, we cannot expect the conservation of
the total entropy in the local phase equilibrium, because the phase trans-
formation process is accompanied with entropy production. Therefore, we
need to derive the local phase equilibrium conditions in a form which does
not contain the entropy explicitly. This is impossible for thermodynamic
potentials represented as functions of natural sets of independent variables.

Possible sets of independent variables are either 8, V, M, or p, V, M, or
0,p, M. The third set is excluded, because there is no additivity for both
temperatures and pressures. Therefore, we have only two possibilities.

Choosing the set of independent variables 6, V, M, we consider total
differentials of the internal energy for both systems

1
du® = (aU( )> d6m
9 )y

(3.23)
1 1
+ outy dv® 4 8U_() dMD

ov 0,M oM/ ,
and

2
du®?) (aU( )> de®
00 V.M
(3.24)

2 2
+ <6U_()> dv® 4 (8U_()> dM®.
W Jom IM )y

The conservation of mass and energy and the additivity of volume yields

dUW = —qu®, qv® = —qv®  dM® = —aM®, (3.25)
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Since masses and volumes can be varied arbitrarily, we then have

(1) )
(aU ) d9<1>+(8U ) do® =o, (3.26)
Y 0 )y
(g—g) =0, (3.27)
0,M |
<g—]\[2> =0. (3.28)
0,V |

The first of the obtained conditions means that any change in tempera-
ture of one of the subsystems should lead to a corresponding change in
temperature in another subsystem in order to hold the local equilibrium.

With another choice of independent variables, namely, p, V, M, we have,
correspondingly,

ou oU2)
(52),, (5, 7o
P Jv.m P Jvm

_ 8U> _
— =0, (3.30)
_ 8U> i
— =0. (3.31)
(57)

Our special interest is in the conditions (3.27) and (3.30) since just these
conditions correspond to mechanical equilibrium in the set of the classical
relations.

The relation (3.27) can be represented in another form

(©.)-b @A o

and in the isothermal case it is reduced to the classical equilibrium condition

(3.20), which is compatible with the Rankine-Hugoniot jump relations only

for zero value of the velocity of discontinuity. This means that the local

equilibrium condition (3.27) corresponds to a stationary phase boundary.
Another local equilibrium condition (3.30) can be rewritten in the form
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(5) -l G) o] - 339

This condition provides a non-zero jump in local pressures of distinct
phases. The first term on the right-hand side of Eq. (3.33) can be in-
terpreted as the energy release rate for the phase transformation. It is
expected that just this local equilibrium condition is satisfied at the mov-
ing phase boundary.

It is remarkable that the thermodynamic derivatives in the local phase
equilibrium conditions at the phase boundary are the same as those used
in the condition of marginal stability (3.10).

At the point where the phase boundary starts to move, one can expect a
continuous change of the set of conditions from one to the other. Therefore,
the two sets should be simultaneously satisfied at this point.

3.3 Non-equilibrium states

The obtained local equilibrium jump relations are represented in terms
of energy. In practice, however, we exploit more common quantities, like
temperature, pressure, etc., which are related to the energy by constitutive
equations. Therefore we need to have a description of non-equilibrium
states.

It should be noted that there is no conventional description of non-
equilibrium states, because even the notion of non-equilibrium temperature
can be defined in different manners [Casas-Vézquez and Jou (2003)]. How-
ever, keeping in mind the possibility of numerical simulations, we choose
the thermodynamics of discrete systems [Muschik (1993)] for the descrip-
tion of non-equilibrium states. In this theory, the state space of any system
is extended by means of so-called contact quantities. In the simplest case
of a fluid-like system, they are contact temperature, ©, dynamic pressure,
m, and dynamic chemical potential, v. These quantities correspond to the
interaction between a system and its surroundings by heat, work and mass
exchanges, and determined by the following inequalities [Muschik (1993)]:

Q(é - 9i> >0, (V=0,M=0), (3.34)
V(r—p) >0, (Q=0,M=0), (3.35)

M —v)>0, (V=0,Q=0). (3.36)
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Here 6* is the thermostatic temperature of the equilibrium environment,
p* its equilibrium pressure, and p* its equilibrium chemical potential. The
contact temperature is the dynamical analogue to the thermostatic temper-
ature [Muschik (1993)]. The interpretation of the contact temperature is
as follows: From Eq. (3.34) it is evident that the heat exchange Q and the
bracket always have the same sign. We now presuppose that there exists
exactly one equilibrium environment for each arbitrary state of a system
for which the net heat exchange between them vanishes. Consequently the
defining inequality (3.34) determines the contact temperature O of the sys-
tem as that thermostatic temperature 6 of the system’s environment, for
which this net heat exchange vanishes. The same interpretation holds true
for the dynamical pressure m and the dynamical chemical potential v with
respect to the net rate of the volume and to the net rate of each mole
number due to external material exchange.

Thus the complete description of the non-equilibrium state of a system
includes both common thermodynamic parameters and contact quantities
characterizing the interaction of the system with its environment.

3.4 Local equilibrium jump relations at discontinuity

The conventional procedure in the description of an irreversible process
is a projection of a non-equilibrium state of a system onto a state of an
accompanying local equilibrium system [Kestin (1992); Maugin (1999b)].
Theoretically, it is possible in principle to find a projection which provides
identical values for local equilibrium parameters and for corresponding con-
tact quantities of the non-equilibrium system. It is clear that we should
point out which projection procedure is applied, before we use the local
equilibrium quantities for the description of a non-equilibrium state.

In general, we need to take into account that the local equilibrium values
may differ from the values of contact quantities [Muschik and Berezovski
(2007)]. This difference results in the appearance of so-called excess quan-
tities [Muschik and Berezovski (2004, 2007)]. For instance, in the required
extension of the concepts of the thermodynamics of discrete systems to the
thermoelastic case we expect for the entropy per unit volume

S = Seq + Sea- (3.37)

Here S is the total non-equilibrium entropy, Seq is its local equilibrium
value, and S,, is the excess of entropy.
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The constitutive relations for thermoelastic conductors define the en-
tropy in terms of free energy per unit volume

ow
S=—-|— 3.38
), -
taken at fixed deformation. We can define the entropy excess similarly
8Wez
Sex = — 3.39
(5). 559

by introducing a free energy excess
W =Weq + Wes. (3.40)

The latter leads immediately to the excess of the stress tensor because in
thermoelasticity, by definition,

T = <8g;fq)0. (3.41)

Consequently, we need to define the excess of the stress tensor ¥ as a

quantity associated with the excess of free energy

5 - (‘922”)9. (3.42)

In the thermoelastic case, the thermodynamic derivatives which we should
exploit instead of (g—g)e and (g—g)p in Eqgs. (3.32) and (3.33) are obviously

the following ones:
O0FE¢q oT
=—-0| = T A4
(), (%), +m 2

0Fo\  , (0Su
(2) —o(Z) o )

where E is the internal energy per unit volume.

and

The introduced excess quantities are connected with the excess energy

0E.,\ (0%
(22) — () 43 )

aEe;v o asem
(22) —o(22) +s it

in a similar way

and




Local Phase Equilibrium and Jump Relations at Moving Discontinuities 41

Therefore, the local equilibrium jump relations (3.32) and (3.33) can be
rewritten in terms of excess quantities (square brackets still denote jumps):

oT 0x
[_9 (@>F+T_6<@)F+2] N=0, (3.47)
0Seq 9Sex _
{H(GF)T+T+9<6F )T+2}N_0. (3.48)

As previously, the jump relation (3.47) should be applied in the case of sta-
tionary discontinuities, while the second jump relation (3.48) corresponds
to moving discontinuities.

To make this new local equilibrium jump relations useful, we need to
determine the jumps of the excess quantities at the discontinuity. Before the
determination of the excess quantities at the singularity, we note that in the
isothermal case without entropy production both of the local equilibrium
jump relations are reduced to one simple relation

[T+X]-N=0. (3.49)
In quasi-statics, the normal Cauchy traction should be zero
[T]-N =0, (3.50)

that means that the jump of the stress excess should be reduced in full
correspondence to equilibrium state:

[¥]-N=0. (3.51)

3.5 Excess quantities at a moving discontinuity

Due to the additivity of entropy, the local equilibrium jump relation (3.48)
at a moving discontinuity can be rewritten as follows:

as
o freo(2) ]on o
As shown by [Abeyaratne and Knowles (2000)], the rate of entropy pro-
duction due to the propagating phase boundary in both adiabatic and non-
adiabatic cases is determined only by the driving force and the velocity of
the front. This means that the jump relation for the entropy (2.26) can be
specialized as

Vn[S] =05 >0, (3.53)
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where the entropy production at the discontinuity is given by [Maugin
(1997, 1998)]

fsos =f-V = fsVn. (3.54)

It follows from Egs. (3.53), (3.54) that the jump of entropy is determined by
the scalar value of the driving force and the temperature at the discontinuity

_fs

s’
To be able to calculate the derivative of the entropy in Eq. (3.52) we assume
that in the vicinity of the discontinuity the entropy behaves like the driving
force

[S] (3.55)

L =l (3.56)

where the function f is defined similarly to Eq. (2.86)

S:

f=-W+N-(T)-F-N. (3.57)

This formally defined quantity — a generator function — acquires a phys-
ical meaning only when evaluated at a point X belonging to an oriented
surface of unit normal N and with an operation such as that of taking the
discontinuity applied to it.

Using the representation (3.56), we obtain for the derivative of the en-
tropy with respect to the deformation gradient

as 1/0 00
98\ _L(ofN [ (90 (3.58)
OF ) 0\OF ) 62\0F)
Substituting the last relation into Eq. (3.52), we can determine the jump
of the stress excess at a discontinuity

1 /06
=N =18+ (55 (5F))
1 /00 af
— | = -l = -N.
<0l (%)) - [(5),))
Though the jump of the stress excess at the discontinuity is determined, we
still need certain additional assumption to fix the value of the velocity of

(3.59)

the discontinuity. The simplest assumption is the continuity of the stress
excess at the discontinuity (3.51)

(%] N=0. (3.60)
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On the other hand, we extract the scalar quantity N - [Q] from the jump
relation for energy (2.70)

N-[Q]=Vy[H]+N-[T-v]. (2.81)

By means of the homothermality condition (2.67);, we can represent the
jump relation for entropy (2.71) in the form

Vn[0S] — N - [Q] = fos. (2.82)
Substituting then N - [Q] from Eq. (2.82) into Eq. (2.81) we obtain
Vn[0S] — VN [H] = N - [T - v] = fos. (2.83)
Remembering the definition of the free energy density
W =FE-68S, (2.84)
we thus have
—[VN(%pQV2 LW+ N (T v)] = fos. (2.85)
Comparing Eqs. (2.80) and (2.85) we conclude
Ps =fs- Vg = fos. (2.86)

Now we complete the computation by evaluating Ps further as follows. We
have

N-(T-v)] = [N-T] - {v) + (N-T) - [v], (2.87)
while from the jump relation for linear momentum (2.69)

N - [T]- (v) = —Vn[pov] - (v) = =V {%povz} . (2.88)

Therefore, Eq. (2.87) can be rewritten as follows
N (T )] = =V | gonv?] + (N T) v, (2.89)
or, equivalently,
N (T v)] = Ty BPOVQ] CNT) NV, (2.90)

The last term follows from the application of the Maxwell-Hadamard lemma
[Maugin and Trimarco (1995)]
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This condition removes the indeterminacy. If we keep the continuity of
the stress excess across the discontinuity, we come to the relation between
the jump of normal component of the Piola-Kirchhoff stress tensor and the

driving force
1 /06
= (5 (),

0 ls ()] - 1Ge)))

This relation opens the way to determine the velocity of the discontinuity.

(3.61)

3.6 Velocity of moving discontinuity

Having the expression for the jump of the stress tensor in terms of the
driving force (3.61), we can relate the driving force to the velocity of the
discontinuity.

We return to the jump relation for linear momentum (2.24)

Vnlpov] + N - [T] = 0. (3.62)

The application of the Maxwell-Hadamard lemma gives [Maugin and Tri-
marco (1995)]

[v] = —[F - N]Vy, (3.63)

and the jump relation for linear momentum (3.62) can be rewritten in a form
that is more convenient for the calculation of velocity at the discontinuity

poVe[F-N] =N -[T]. (3.64)

Substituting Eq. (3.61) into the jump relation for linear momentum (3.64),

poV2[F -N] =N - <fs <$ <§—§)T>

s ()] - G )

If we can relate the jumps [F - N] and N [T] by means of constitutive equa-

we have

(3.65)

tions, we can obtain a kinetic relation taking into account the expression of
the jump of normal component of the Piola-Kirchhoff stress tensor in terms
of the driving force. This will be illustrated later on.
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3.7 Concluding remarks

In summary, the thermomechanical description of moving discontinuities
in solids needs to be complemented by additional constitutive information
related to the motion of the discontinuity. The usual way to overcome
the constitutive deficiency is to introduce a kinetic relation [Abeyaratne
and Knowles (1990, 1991, 1994b, 1997a); Abeyaratne, Bhattacharya and
Knowles (2001)]. The kinetic relation connecting the driving force to the
velocity of the discontinuity is a manifestation of the irreversibility of the
process. That is why we apply the local equilibrium jump relations at the
moving discontinuity. These relations allow us to determine the jump of the
stress excess across the moving discontinuity. But it is still not sufficient to
determine the velocity of the discontinuity completely. Therefore, we need
to introduce an additional assumption concerning the entropy production
at the discontinuity. The simplest assumption of the continuity of the
stress excess across the discontinuity is applied. This assumption can be a
subject of further modifications or generalizations. Since we use the general
material setting, the constitutive behavior of a material is not specified and,
therefore, the derived kinetic relation is independent of the constitutive
behavior of a material.

The derived local equilibrium jump relations are different for true and
quasi-inhomogeneities. They are formulated in terms of excess quantities.
The excess quantities are also used instead of numerical fluxes in the pro-
posed numerical algorithm for wave and front propagation, providing a
conservative finite-volume numerical scheme. Details of the algorithm de-
scription and results of numerical simulations are given in the forthcoming
chapters.



Chapter 4

Linear Thermoelasticity

Thermomechanics in the material formulation presented in previous chap-
ters provides a general framework for the description of wave and front prop-
agation in inhomogeneous solids. However, a simpler small-strain approxi-
mation is used below for numerical simulations. Therefore, it is instructive
to give the necessary expressions in the case of linear thermoelasticity.

4.1 Local balance laws

The free energy per unit volume in linear isotropic inhomogeneous ther-
moelasticity is given by (cf., e.g. [Maugin and Berezovski (1999)])

1
W (e, 0,%) =5 (A)ein + 2u(x)eize4)
4.1)

C(x (

_Ox) (6 — 60)* + m(x) (0 — 6o) ex,
26,
with the strain tensor in the small-strain approximation
1 8’(1,1 8Uj

= = , 4.2

Fij 2 (6:57 * 6,@1) ( )

while u; are the components of the elastic displacement, C(x) = poc, ¢ is the
specific heat at constant stress, 6 is temperature, 6y is a spatially uniform
reference temperature and only small deviations from it are envisaged. The
dilatation coefficient « is related to the thermoelastic coefficient m, and the
Lamé coefficients A and p by m = —a(3\ 4+ 2u). The indicated explicit de-
pendence on the point x means that the body is materially inhomogeneous
in general. In particular, we can apply different material parameters for
distinct phases or parts of the body.

45
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Neglecting geometrical nonlinearities, the two main equations of ther-
moelasticity are the local balance of momentum at each regular material
point in the absence of body force [Nowacki (1986)]:

8’01' 80’17'

_ = 4.
T (4.3)
and the heat propagation equation
s  0Og;
0— =0 4.4

where ¢ is time, z; are spatial coordinates, v; are components of the velocity
vector, o0;; is the Cauchy stress tensor, pg is the density, S is the entropy
per unit volume, ¢; are components of the heat flux vector.

The entropy and the stress tensor can be expressed in terms of the free
energy per unit volume W = W (g;5,0;x) as follows

ow ow
i = =, = —— 4
T (45)
Simultaneously, we assume the Fourier law of heat conduction
00
P = —k 5 4.6
6 = —k(x) 5 (4.6)

where k is the thermal conductivity. Here we could invoke a short digression
on isothermal and adiabatic elasticity coefficients (see, for instance, [Maugin
(1988))).

We can now rewrite the relevant bulk equations of inhomogeneous linear
isotropic thermoelasticity as the following three equations of which the
second one is none other than the time derivative of the Duhamel-Neumann

thermoelastic constitutive equation [Berezovski, Engelbrecht, and Maugin
(2000)]:

8% - 80’17'
6015 - % 3 (%i an % 3
5 = A(x) i 0ij + p(x) ((%j + (%i) m(x) o ijs (4.8)
0 9 00 duy,
C(X)E = o (k(x) 8171-) + m(x)a—xk (4.9)

The given form of governing equations is convenient for numerical simula-
tion.
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4.2 Balance of pseudomomentum

In addition to the governing Eqs. (4.7)-(4.9), it is also instructive to rep-
resent the balance of pseudomomentum in the small-strain approximation
keeping in mind further considerations concerning the discontinuity propa-
gation. The corresponding equation reads (cf. Eq. (2.48))

0P,  0Obi;

1] _inh _th
o oy T (4.10)

where

6’11,7' 8uj
i = —P0 5,
is the expression of the pseudomomentum in the small-strain approxima-
tion,

P (4.11)

6uk
bij = — (L5ij + ojka—xi> (4.12)
is the dynamical Eshelby stress tensor,
=% e W (4.13)

is the Lagrangian density of energy per unit volume, fi"" is the inhomo-
geneity force, and f!" is the thermal force.
For an irreversible process of discontinuity propagation we should take
into account the entropy inequality
95 , 0(a,/0)

—= > 0. .

4.3 Jump relations

Accordingly, we envision the exploitation of the unsteady jump relations es-
tablished for a moving material discontinuity, but adapt these to the present
situation. The jump relation across a discontinuity front 8 corresponding
to the balance of linear momentum (4.3) reads

VN[pQ'Ui] + Nj[oij] =0. (4.15)

Both Egs. (4.10) and (4.14) are nonconservative. Therefore, the corre-
sponding jump relations across the discontinuity front 8 should exhibit
source terms [Maugin (1997)]:
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VN [P + Nj[bi] = — fi, (4.16)
Vn[S] + N; {g%} =o0g > 0. (4.17)

Here Vi is the normal speed of the points of 8§, og is the entropy pro-
duction at the singularity, and f; are components of an unknown material
force. These quantities are constrained to satisfy the second law of ther-
modynamics at the discontinuity front 8 such that [Maugin (1997)]

fiVi = fsVn = 0505 > 0, (4.18)

where g is the temperature at § and fs is the scalar value of the driving
force at the discontinuity

fs = =[W]+(04;) [eis] - (4.19)
As previously,
[A] = AT — A~ (4.20)

denotes the jump of the enclosure at 8§, and A* denote the uniform limits
of A in approaching 8§ from the £ side along the unit normal N;. The latter
is oriented from the “minus” to the “plus” side.

The system of Eqgs. (4.7)-(4.9) together with the jump relations (4.15)-
(4.17) is used for the numerical simulations of wave and front propagation in
the next chapters. Therefore, we will describe briefly the applied numerical
algorithm.

4.4 Wave-propagation algorithm: an example of finite vol-
ume methods

4.4.1 Omne-dimensional elasticity

For the sake of simplicity, we demonstrate the main features of the al-
gorithm on the simple example of one-dimensional elasticity. In the one-
dimensional case, the balance of linear momentum (4.7) is reduced to

ov Oo

— ——=0 4.21
po(z)5r = 5 =0, (4.21)
and the kinematic compatibility condition
0 0
R —) (4.22)

ot o
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complemented by Hooke’s law
o= A+ 2ue, (4.23)
lead to the reduced equation of motion (4.8) in the form
oo 50V
E — pocoa—x = O, (424)

where v(z, t) is the particle velocity, o(x,t) is the uniaxial stress, e(x,t) is a
measure of the uniaxial strain, and cg = /(A + 2u)/po is the corresponding
longitudinal wave velocity.

The system of Egs. (4.21) - (4.22) can be expressed in the form of a
conservation law

0 0
Eq(m,t) + A%q(:v, t) =0, (4.25)

with

q(x,t):(pzv) and A:( 0 ‘1()/”‘)). (4.26)

2
—P0oCH

The system of Eqs. (4.21)-(4.22) is hyperbolic, hence the matrix A is
diagonalizable, i.e.

R 'AR =A, (4.27)

where R is the eigenvector matrix and A = diag(\}, \?). In the case of
linear elasticity, the eigenvector matrix and its inverse are

(11 L1 (z1
() (G

where Z = pgcy is an impedance.
It is easy to see that the conservation law (4.25) can be represented as

0 0
-1 -1 —1 _
R —8tq(:1c, t)+ RTARR 92 q(z,t) =0, (4.29)
and then rewritten in the characteristic form
0 0
— A—w = 4.
5 W + 5" 0, (4.30)

where w = R™!q is introduced. The system of Egs. (4.30) consists of two
decoupled equations for the components of the vector w
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ow! ow! ow!! owl!
o 0 = T T =0 (4:31)

solution of which are left-going and right-going waves
w! (z,t) = w! (x + cot), w'(z,t) = w!(z — cot). (4.32)

Therefore, the general solution of the system of Eqs. (4.25) is the linear
combination of these waves by means of eigenvectors

a(,t) = Rw(z, £) = w! (z,1) (;) + ' (2,1) (_12) . (4.33)

4.4.2 Averaged quantities

Let us introduce a computational grid of cells C), = [z, Zp41] with inter-
faces x,, = nAx and time levels ¢, = kAt. For simplicity, the grid size Ax
and time step At are assumed to be constant. Integration of Eq. (4.25)
over the control volume C,, X [t, tr11] gives

/Q(xafkﬂ)dx—/ q(z, ty)dx
Aw o (4.34)

tht1 tr41

+/ Aq(xpq1,t)dt —/ Aq(zy,t)dt = 0.
tr ty

Equation (4.34) can be rewritten as a numerical scheme in the flux-

differencing form

At
k+1 _ k__ =Y

k k
(Fp —Fy) (4.35)
after introducing the average Q,, of the exact solution on C,, at time t = ¢,
and the numerical flux F,, that approximates the time average of the exact
flux taken at the interface between the cells C,,_1 and C,, i.e.

1 Trg1 1 Lkt
n N — Jtp)de, F, ~ — Aq(x,,t)dt. 4.36
e . G ni ) Aaletd (430

In general, however, the time integrals on the right-hand side of Eq. (4.34)
cannot be evaluated exactly since q(x,,,t) varies with time along each edge
of the cell. A fully discrete method follows from an approximation of this
average flux based on the values Q,,.
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4.4.3 Numerical fluzes

In the Godunov-type finite volume methods, numerical fluxes F,, are de-
termined by means of the solution of the Riemann problem at interfaces
between cells. The solution of the Riemann problem (at the interface be-
tween cells n — 1 and n) consists of two waves, which we denote, following
[LeVeque (2002a)], WX and WII. The left-going wave W1 moves into cell
n — 1, the right-going wave WXI moves into cell n. The state between
the two waves must be continuous across the interface (Rankine-Hugoniot
condition) [LeVeque (2002a)]:

Wvlz + erzl = Qn - anl- (437)

In the linear case, the considered waves are determined by eigenvectors of

the matrix A [LeVeque (2002a)]:
Wy =y, Wil = (4.38)

n

This means that Eq. (4.37) is represented as

M1+ = Qu = Quon. (4.39)
Substituting the eigenvectors into Eq. (4.39), we have
A, )+ (D ) =a.-q (4.40)
n Zn—l n _Zn n n—1, .

or, more explicitly,

1 1 71> ( En — En—1 >
n) _ [ EnEn , 4.41
(pn—lcn—l _pncn) (71[11 PUn — PUn—1 ( )

Solving the system of linear Egs. (4.41), we obtain the amplitudes of left-
going and right-going waves. Then the numerical fluxes in the Godunov
numerical scheme are determined as follows

Fi—i—l )‘111+1W£+1 = _CnJrl'YrIz-i-lrrIw (4.42)
Fr =AW= —cy el (4.43)

Finally, the Godunov scheme is expressed in the form

At
QkJrl Qk Az (Cn+17n+1rl - Cn")/fll 7111) . (444)

This is the standard form for the wave-propagation algorithm [LeVeque
(2002a)].
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4.4.4 Second order corrections

The scheme considered above is formally first order accurate only. The
Godunov scheme exhibits strong numerical dissipation, and discontinuities
in the solution are smeared causing low accuracy. In order to increase
the order of accuracy, correction terms are introduced [LeVeque (2002a)].
The obtained Lax-Wendroff scheme, on the other hand, is more accurate in
smooth parts of the solution, but near discontinuities, numerical dispersion
generates oscillations also reducing the accuracy. A successful approach to
suppress these oscillations is to apply flux limiters [LeVeque (1997); LeV-
eque (1998); Fogarthy and LeVeque (1999); Langseth and LeVeque (2000)].

4.4.5 Conservative wave propagation algorithm

Another possibility to increase the accuracy on smooth solutions is the
conservative wave propagation algorithm [Bale et al. (2003)]. Here the
solution of the generalized Riemann problem is obtained by means of the
decomposition of the flux difference A, Q, — A,_1Q,_1 instead of the
decomposition (4.37)

L+ ol = A,Q, — A, 1Q, 1. (4.45)

The fluxes L1 and L are still proportional to the eigenvectors of matrix
A

Ll = glel LIt = gIipll (4.46)

n n-n—1» n n >
and the corresponding numerical scheme has the form

At
QM- QL = A (L +L54) - (4.47)

Coefficients 37 and 3’7 are determined from the solution of the system of
linear equations

1 1 ﬁrIz _ _(ﬁn - 'Dn—l)
<Pn—10n—1 _pncn> <ﬁ£1> B (—(pc%n - pc25n_1)> ' (4.48)

As it is shown [Bale et al. (2003)], the obtained algorithm is conservative
and second-order accurate on smooth solutions.

The wave-propagation method was successfully applied to the simu-
lation of wave propagation in inhomogeneous media with rapidly-varying
properties with some additional modifications to ensure the full second or-
der accuracy [LeVeque (1997); LeVeque (1998); Fogarthy and LeVeque
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(1999)]. The advantages of the wave-propagation algorithm are high-
resolution [Bale et al. (2003)] and the possibility for a natural extension
to higher dimensions [Langseth and LeVeque (2000)].

4.5 Local equilibrium approximation

Wave and front propagation in solid mechanics are characterized by the
values of velocity of the order of 1000 m/s. The corresponding characteristic
time is of the order of hundreds or even tens of microseconds, especially in
impact induced events. It is difficult to expect that the corresponding
states of material points during such fast processes are equilibrium ones.
The hypothesis of local equilibrium is commonly used to avoid the troubles
with non-equilibrium states.

This hypothesis supposes a projection of a non-equilibrium state of a
system on a state of an accompanying local equilibrium process [Kestin
(1992)]. In finite-volume numerical methods such a projection is achieved
by the averaging over the computational cell. This approximation provides
the values of local equilibrium parameters in the cell which are in general
different from the values of the contact quantities characterizing the non-
equilibrium state of the cell by the exchanges. As it was mentioned in
chapter 3, the excess quantities should be taken into account. This means
that the value of any extensive quantity A is the sum of its averaged coun-
terpart A and its excess part Ae.,

A=A+ A, (4.49)

4.5.1 FExcess quantities and numerical fluxes

As we have seen in chapter 3, the decomposition of the free energy density
(3.40) in each finite volume element into the averaged (local equilibrium)
free energy W and the excess free energy W,

W =W + We,, (4.50)
immediately reflects in the corresponding decomposition of the stress tensor
oc=0+2%, (4.51)

and, by duality, in the decomposition of velocity

v=1+V. (4.52)
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Integration of the governing equations of linear elasticity (4.21)-(4.22) over
the computational cell gives

0
—/ edr =vT —v =0 4+V -9 -V =Vt -V, (4.53)
Ot Jaqe
9 + - _ = +_ = - + -
Po— vdt =0T -0  =0+XT—--X =%X" %7, (4.54)
ot Jax
where superscripts “+” and “—” denote values of the excess quantities at

right and left boundaries of the cell, respectively.
The definition of averaged quantities

1 1

allows us to rewrite the finite-volume numerical scheme (4.35) in terms of
excess quantities

_ _ At _

(o)t = (po)y = s (= -%0). (4.56)
At

ghtl _ gk = e (Vi =v,). (4.57)

Though excess quantities are determined formally everywhere inside com-
putational cells, we need to know only their values at the boundaries of the
cells, where they play the role of numerical fluxes.

To determine the values of excess quantities at the boundaries between
computational cells, we apply the local equilibrium jump relations derived
in chapter 3. The excess stress X is related to the averaged stress by
the local equilibrium jump relation in bulk (3.47), which is reduced in the
isothermal case to

6+ %] =0. (4.58)

The same condition follows from the jump relation for the linear momen-
tum (4.15), because the boundary between computational cells does not
move. Similarly, the jump relation following from the kinematic compati-
bility (4.22) reads

[0+ V] =0. (4.59)

It is instructive to represent the local equilibrium jump relation (4.58) in
the numerical form

(EJr)nfl - (27)71 = (‘_7)71 - (‘_7)71*1, (4-60)
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Fig. 4.1 Stresses in the bulk.

which is illustrated in Fig. 4.1. This means that the jump condition (4.58)
can be considered as the continuity of genuine flures at the boundaries
between computational cells.

The values of excess stresses and excess velocities at the boundaries
between computational cells are not independent. To demonstrate that,
we consider the solution of the Riemann problem at the interface between
cells.

4.5.2 Riemann problem

The Riemann problem at the boundary between computational cells con-
sists of piecewise constant initial data for the system of Eqs. (4.21)-(4.22)

(4.61)

The solution of the Riemann problem is constructed by means of values of
Riemann invariants. At the boundary between cells the Riemann invariants
hold their values computed by initial data (4.61)

pPev 4+ 0 = Py + on, (4.62)

PCU — T = Pp_1Cn—10n—1 — Op—1- (4.63)
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Inserting the relations (4.51) and (4.52) into the expressions for the Rie-
mann invariants at the interface (4.62), (4.63) we obtain

PCU + 0 = ppcpOpn + pncaV, + Gn + 20, = pncnUn + Tn, (4.64)
pPCU — 0 = Pp—1Cn—10p—1 + Pn—1¢n—1V, — c:7n71 - ?;ll (4.65)
= Pn—1Cn—1Un—1 — On—1-
The latter means that
pncnV, + X7 =0, (4.66)
pnflcnflv;’{il — 2:71 = O, (467)

i.e., the excess quantities depend on each other at the cell boundary.

4.5.3 FExcess quantities at the boundaries between cells

Rewriting the jump relations (4.58), (4.59) in the numerical form
(EJr)nfl = (E7)n = (0)n — (0)n—1, (4.68)
(VJr)nfl = (V7)o = (0)n = (V)n—1, (4.69)

and using the dependence between excess quantities (Egs. (4.66) and
(4.67)), we obtain then the system of linear equations for the determination
of excess velocities

Vi =V, =0y — Up1, (4.70)

Vi pn—1Cn-1+ V., pucy = pncién — pn,lci_lén,l. (4.71)

In matrix notation the latter system of equations has the form

L 1 _V:;*1 _ _(/Dn - ’En—l)
(pn—lcn—l _pncn) ( V; ) - <_(p02€n _pc2§n_1) . (472)

Comparing the obtained equation with Eq. (4.48), we conclude that
6[ _ _’\7+

n n—1»

g =y, (4.73)

This means the values of excess quantities determined by the local equilib-
rium jump relations at the boundary between computational cells coincide
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with the numerical fluxes in the conservative wave-propagation algorithm.
Consequently, the conservative wave-propagation algorithm is thermody-
namically consistent. Moreover, we have no need to prove the convergence
and stability of the algorithm in terms of excess quantities because this is
proved for the wave-propagation algorithm [LeVeque (2002a)].

The advantage of the wave-propagation algorithm is that every discon-
tinuity in the parameters is taken into account by solving the Riemann
problem at each interface between discrete elements.

4.6 Concluding remarks

Linear thermoelasticity equations presented in this chapter include not only
the classical balance of linear momentum and the heat conduction equation,
but also jump relations at discontinuities associated with these equations as
well as those associated with the balance of pseudomomentum and Clausius-
Duhem inequality. This leads to the appearance of a driving force providing
a possible motion of a discontinuity. The driving force together with the
velocity of the discontinuity determines the entropy production due to the
irreversible motion of the discontinuity.

The local equilibrium approximation extended to the finite volume com-
putational cells leads to the appearance of excess quantities which are char-
acteristic of non-equilibrium states. Fortunately, we can use the same excess
quantities in the proposed numerical algorithm as a replacement of numeri-
cal fluxes and even apply the local equilibrium jump relations to determine
their values at boundaries between computational cells.

Various examples of wave and front propagation in inhomogeneous solids
are presented in the following chapters devoted to numerical simulations
based on the proposed algorithm.
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Chapter 5

Wave Propagation in Inhomogeneous
Solids

Inhomogeneous solids include layered and randomly reinforced composites,
multiphase and polycrystalline alloys, functionally graded materials, ceram-
ics and polymers with certain microstructure, etc. Therefore, it is impossi-
ble to present a complete theory of linear and nonlinear wave propagation
for a full diversity of possible situations, in so far as geometry, contrast of
multiphase properties and loading conditions are concerned.

From a practical point of view, we need to perform numerical calcula-
tions. Many numerical methods have been proposed to compute wave prop-
agation in heterogeneous solids, among them the stiffness matrix recursive
algorithm [Rokhlin and Wang (2002); Wang and Rokhlin (2004)] and spec-
tral layer element method [Chakraborty and Gopalakrishnan (2003, 2004 )]
should be mentioned in addition to more common finite element, finite
difference, and finite volume methods.

However, success in the simulation of wave propagation does not mean
that the same algorithm can be applied in the case of moving discontinuity
fronts.

In this chapter we will demonstrate how the finite volume wave-
propagation algorithm developed by LeVeque (2002a) and reformulated in
terms of excess quantities [Berezovski and Maugin (2001)] can be applied
to linear and nonlinear wave propagation in materials with rapidly-varying
properties. Later the same algorithm will be applied to phase-transition
front propagation and to the dynamics of cracks.

Note that both original and modified algorithms are stable, high-order
accurate, and thermodynamically consistent.

59
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5.1 Governing equations

The simplest example of heterogeneous media is a periodic medium com-
posed of materials with different properties. With this in view we consider
one-dimensional wave propagation in linear elasticity that is governed by
the conservation of linear momentum

ov Oo

2= 5.1
px) Jat  Ox ’ (51)
and the kinematic compatibility condition
Oe  Ov
— = 5.2
ot Ox (52)

The closure of the system of Egs. (5.1), (5.2) is achieved by a constitutive
relation, which in the simplest case is Hooke’s law

o = p(x)c*(z)e, (5.3)

where c(z) = \/(A(z) + 2p(z))/p(z) is the corresponding longitudinal wave
velocity. The indicated explicit dependence on the point x means that the
medium is materially inhomogeneous.

The system of Egs. (5.1) - (5.3) is solved numerically by means of the
wave-propagation algorithm described in detail in the foregoing chapter.

5.2 One-dimensional waves in periodic media

As a first example, we consider the propagation of a pulse in a finely periodic
medium. The initial form of the pulse is given in Fig. 5.1 where the fine
periodic variation in density is also shown by dashed lines.

For the test problem, materials are chosen as polycarbonate (p = 1190
kg/m3, ¢ = 4000 m/s) and Al 6061 (p = 2703 kg/m?, ¢ = 6149 m/s).

We apply the numerical scheme (4.56), (4.57) for the solution of the
system of equations (5.1)-(5.3). The corresponding excess quantities are
calculated by means of Eqs. (4.68)-(4.71).

As already noted, we can exploit all the advantages of the wave-
propagation algorithm [LeVeque (1997)]. However, no limiters are used
in the calculations. Spurious oscillations are suppressed by means of us-
ing a first-order Godunov step after each three second-order Lax-Wendroff
steps. This idea of composition was invented by Liska and Wendroff (1998).

Calculations are performed with Courant-Friedrichs-Levy number equal
to 1. The result of the simulation for 4000 time steps is shown in Fig. 5.2.



Wave Propagation in Inhomogeneous Solids 61
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Fig. 5.1 Initial pulse shape.

We observe a distortion of the pulse shape and a decrease in the velocity
of the pulse propagation in comparison to the maximal longitudinal wave
velocity in the materials. These results correspond to the prediction of the
effective media theory by Santosa and Symes (1991) both qualitatively and
quantitatively [Fogarthy and LeVeque (1999)].

It should be noted that the effective media theory [Santosa and Symes
(1991)] leads to the dispersive wave equation

O*u Pu

e (- Ci)@ + p*cicy (5.4)

oz’

where u is the displacement, p is the periodicity parameter, ¢, and ¢, are
parameters of the effective media [Engelbrecht et al. (2005)], instead of the
wave equation following from Eqgs. (5.1) - (5.3)

0%u 5 0%u

s =C . 5.5

oz~ 922 (55)
Equation (5.4) exhibits dispersion (fourth-order space derivative) and the
alteration in the longitudinal wave speed.
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Fig. 5.2 Pulse shape at 4700 time steps.

5.3 One-dimensional weakly nonlinear waves in periodic
media

In the next example, we examine the influence of materials nonlinearity on
the wave propagation. To close the system of Egs. (5.1), (5.2) in the case of
weakly nonlinear media we apply a simple nonlinear stress-strain relation

o = pcte(1 + Ae), (5.6)

where A is a parameter of nonlinearity, values and sign of which are sup-
posed to be different for hard and soft materials.

The solution method is almost the same as previously mentioned. The
approximate Riemann solver for the nonlinear elastic media (Eq. (5.6)) is
similar to that used in LeVeque (2002b); LeVeque and Yong (2003). This
means that a modified longitudinal wave velocity, ¢, following the nonlinear
stress-strain relation (5.6), is applied at each time step in the numerical
scheme (4.56), (4.57)

¢=cV1+2Ae (5.7)

instead of the piece-wise constant one corresponding to the linear case.
We consider the same pulse shape and the same materials (polycarbon-
ate and Al 6061) as in the case of the linear periodic medium. However, the
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nonlinear effects appear only for a sufficiently high magnitude of loading.
The values of the parameter of nonlinearity A were chosen as 0.24 for Al
6061 and 0.8 for polycarbonate. The results of simulations corresponding
to 400, 1600, and 5200 time steps are shown in Figs. 5.3-5.5.
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Fig. 5.3 Pulse shape at 400 time steps. Nonlinear case.

We observe that an initial bell-shaped pulse is transformed in a train
of soliton-like pulses propagating with amplitude-dependent speeds. This
kind of behavior was first reported by LeVeque (2002b), who called these
pulses “stegotons” because their shape is influenced by periodicity.

In principle, soliton-like solution could be expected because if we com-
bine the weak nonlinearity (5.6) with the dispersive wave equation in terms
of the effective media theory (5.4), we arrive at the Boussinesq-type equa-
tion

0%u

0u 5, 0%u oud?u 5 5 50%
Ot2 a™b

u
= (C2 _CG’)W “rOéA%W +p Cc C @, (58)

which possesses soliton-like solutions (Maugin, 1999a).
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Fig. 5.5 Pulse shape at 5200 time steps. Nonlinear case.
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5.4 One-dimensional linear waves in laminates

There are three basic length scales in wave propagation phenomena:

e The typical wavelength A;
e The typical size of the inhomogeneities d;
e The typical size of the whole inhomogeneity domain L.

In the case of the above-considered infinite periodic media the third length
scale was absent. Therefore, it may be instructive to consider wave prop-
agation in a body where the periodic arrangement of layers of different
materials is confined within a finite spatial domain.

To investigate the influence of the size of the inhomogeneity domain,
we compare the shape of the pulse in the homogeneous medium with the
corresponding pulse transmitted through the periodic array with a different
number of distinct layers (Fig. 5.6).

~

A
h 4

Y2 P2l pr|p2|pr|p2|pr|p2|pr| p2|pPi Y2

Fig. 5.6 Length scales in laminate.

We use Ti (p = 4510 kg/m?, ¢ = 5020 m/s) and Al (p = 2703 kg/m3,
¢ = 5240 m/s) as components in the numerical simulations of linear elastic
wave propagation. Results of the comparison are presented in Figs. 5.7-5.9.

As we can see, in the case d < A (Fig. 5.7) the behavior of the pulse
is almost the same as in the case of infinite periodicity. The increasing of
the size of the inhomogeneity domain leads to the pulse delay increasing,
in comparison to the pure homogeneous case.

We observe a much more complicated behavior if the size of the periodic-
ity d approaches the wavelength \ (Fig. 5.8). As one can see, the amplitude
of the main pulse decreased with the increase in size of the inhomogeneity
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domain, and secondary waves appear. The situation becomes even clearer
in the case of comparable periodicity and initial wavelength (Fig. 5.9).

To analyze the effect of the periodicity size, we compare the shapes of
the pulse corresponding to different periodicitiess for the fixed size of the
inhomogeneity domain in Fig. 5.10.

In this figure we can observe how the pulse corresponding to small size
of periodicity expands into two separate pulses with increasing of the peri-
odicity size. This is nothing but pure dispersion, i.e. the separation of the
wave into components of various frequencies.

Thus, waves in laminates demonstrate dispersive behavior which is gov-
erned by relations between characteristic length scales. Taking into account
nonlinear effects we have witnessed the soliton-like wave propagation. Both
nonlinearity and dispersion effects are observed experimentally in laminates
under shock loading.

5.5 Nonlinear elastic wave in laminates under impact load-
ing

Though the stress response to an impulsive shock loading is very well under-
stood for homogeneous materials, the same cannot be said for heterogeneous
systems. In heterogeneous media, scattering due to interfaces between dis-
similar materials plays an important role for shock wave dissipation and
dispersion [Grady (1998)].

Diagnostic experiments for the dynamic behavior of heterogeneous ma-
terials under impact loading are usually carried out using a plate impact
test configuration under a one-dimensional strain state. These experiments
were recently reviewed in [Chen and Chandra (2004); Chen, Chandra and
Rajendran (2004)]. For almost all these experiments, the stress response has
shown a sloped rising part followed by an oscillatory behavior with respect
to a mean value [Chen and Chandra (2004); Chen, Chandra and Rajen-
dran (2004)]. Such a behavior in periodically layered systems is consistently
exhibited in the systematic experimental work by Zhuang, Ravichandran
and Grady (2003). The specimens used in the shock compression exper-
iments [Zhuang, Ravichandran and Grady (2003)] were periodically lay-
ered two-component composites prepared by repeating a composite unit as
many times as necessary to form a specimen with the desired thickness (see
Fig. 5.11).

A buffer layer of the same material as the soft component of the speci-
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Fig. 5.11 Experimental setting.

men was used at the other side of the specimen. A window in contact with
the buffer layer was used to prevent the free surface from serious damage
due to unloading from shock wave reflection at the free surface. Shock com-
pression experiments were conducted by employing a powder gun loading
system, which could accelerate a flat plate flyer to a velocity in the range
of 400 m/s to about 2000 m/s. In order to measure the particle velocity
history at the specimen window surface, a velocity interferometry system
was constructed, and the manganin stress technique was adopted to mea-
sure the shock stress history at selected internal interfaces. Four different
materials, polycarbonate, 6061-T6 aluminum alloy, 304 stainless steel, and
glass, were chosen as components. The selection of these materials provided
a wide range of combinations of shock wave speeds, acoustic impedance and
strength levels. The influence of multiple reflections of internal interfaces
on shock wave propagation in the layered composites was clearly illustrated
by the shock stress profiles measured by manganin gages. The origin of the
observed structure of the stress waves was attributed to material hetero-
geneity at the interfaces. For high velocity impact loading conditions, it
was fully realized that material nonlinear effects may play a key role in
altering the basic structure of the shock wave.

Amongst the modeling efforts, the mechanical behavior of compos-
ites has been extensively investigated using the homogenization approach
[Hashin (1983)]. Since this approach does not directly consider the inter-
faces, it is limited in examining the impact behavior, where wave interac-
tions can be very important.
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An approximate solution for layered heterogeneous materials subjected
to high velocity plate impact has been developed [Chen and Chandra
(2004); Chen, Chandra and Rajendran (2004)]. For laminated systems
under shock loading, shock velocity, density and volume were related to the
particle velocity via an equation of state. The elastic analysis was extended
to shock response by incorporating the nonlinear effects through computing
shock velocities of the wave trains and superimposing them.

As pointed out in [Zhuang, Ravichandran and Grady (2003)], stress
wave propagation through layered media made of isotropic materials pro-
vides an ideal model to investigate the effect of heterogeneous materials
under shock loading, because the length scales, e.g., thickness of individual
layers, and other measures of heterogeneity, e.g., impedance mismatch, are
well defined.

Since the impact velocity in shock experiments is sufficiently high, var-
ious nonlinear effects may affect the observed behavior. This is why we
apply numerical simulations of finite-amplitude nonlinear wave propaga-
tion to the study of scattering, dispersion and attenuation of shock waves
in layered heterogeneous materials.

5.5.1 Problem formulation

The geometry of the problem follows the experimental configuration
[Zhuang, Ravichandran and Grady (2003)] (Fig. 5.12).

f l b
d

FLYER BUFFER

A W

SOFT HARD
LAYER LAYER

Fig. 5.12 Geometry of the problem.

We consider the initial-boundary value problem of impact loading of a
heterogeneous medium composed of alternating layers of two different ma-



Wave Propagation in Inhomogeneous Solids 71

terials. The impact is provided by a planar flyer of length f which has
an initial velocity vg. A buffer of the same material as the soft compo-
nent of the specimen is used to eliminate the effect of wave reflection at
the stress-free surface. The densities of the two materials are different,
and the materials response to compression is characterized by the distinct
stress-strain relations o(¢). Compressional waves propagating in the direc-
tion of layering are modeled by the one-dimensional hyperbolic system of
conservation laws
ov  Jdo e Ov

"o = 9w B 0w (5.9)

where e(z,t) is the strain and v(x,t) the particle velocity.
Initially, stress and strain are zero inside the flyer, the specimen, and
the buffer, but the initial velocity of the flyer is nonzero:

v(z,0) =vy, 0<z<f, (5.10)

where f is the size of the flyer. The left and right boundaries are both
stress-free.

Instead of the equation of state like the one used in [Chen and Chandra
(2004); Chen, Chandra and Rajendran (2004)], we apply a simpler nonlinear
stress-strain relation o(e, ) for each material (Eq. (5.6)) (cf. [Meurer, Qu
and Jacobs (2002)])

o = pcte(1 + Ae), (5.11)

where p is the density, ¢ is the conventional longitudinal wave speed, A is
a parameter of nonlinearity, values and signs of which are supposed to be
different for hard and soft materials.

We apply the same numerical scheme as previously discussed. Results
of the numerical simulations compared with experimental data [Zhuang,
Ravichandran and Grady (2003)] are presented in the next section.

5.5.2 Comparison with experimental data

Figure 5.13 shows the measured and calculated stress time history in the
composite, which consists of 8 units of polycarbonate, each 0.74 mm thick,
and 8 units of stainless steel, each 0.37 mm thick. The material properties of
components are extracted from Zhuang, Ravichandran and Grady (2003):
the density p = 1190 kg/cm3, the sound velocity ¢ = 1957 m/s for the
polycarbonate and p = 7890 kg/cm?, ¢ = 5744 m/s for the stainless steel.
The stress time histories correspond to the distance 0.76 mm from the
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Fig. 5.13 Comparison of shock stress time histories corresponding to the experiment

112501 [Zhuang, Ravichandran and Grady (2003)].
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Fig. 5.14 Comparison of particle velocity time histories corresponding to the experiment

112501 [Zhuang, Ravichandran and Grady (2003)].



Wave Propagation in Inhomogeneous Solids 73

3.5 T T T T T N T
experiment
. simulation - nonlinear ---------
3} ; ; simulation - linear -+ i
25
g
s
2]
[%]
g 15}
n
1 -
05
O - aent ) 1 1 1 ., 1
1 1.5 2 25 3 3.5 4 4.5

Time (microseconds)

Fig. 5.15 Comparison of shock stress time histories corresponding to the experiment
110501 [Zhuang, Ravichandran and Grady (2003)].
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Fig. 5.16 Comparison of shock stress time histories corresponding to the experiment
110502 [Zhuang, Ravichandran and Grady (2003)].
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impact face. Calculations are performed for the flyer velocity 561 m/s and
the flyer thickness 2.87 mm.

Results of numerical calculations depend crucially on the choice of the
parameter of nonlinearity A. We choose this parameter from the conditions
to match the numerical simulations to experimental results (see discussion
below).

Time histories of particle velocity for the same experiment are shown
in Fig. 5.14. It should be noted that the particle velocity time histories
correspond to the boundary between the specimen and the buffer. As one
can see both stress and particle velocity time histories are well reproduced
by the nonlinear model with the same values of the nonlinear parameter A.

As pointed out in Zhuang, Ravichandran and Grady (2003), the influ-
ence of multiple reflections of internal interfaces on shock wave propagation
in the layered composites is clearly illustrated by the shock stress time his-
tories measured by manganin gages. Therefore, we focus our attention on
the comparison of the stress time histories.

Figure 5.15 shows the stress time histories in the composite, which con-
sists of 16 units of polycarbonate, each 0.37 mm thick, and 16 units of
stainless steel, each 0.19 mm thick. The stress time histories correspond to
the distance 3.44 mm from the impact face. Calculations are performed for
the flyer velocity 1043 m/s and the flyer thickness 2.87 mm. The nonlinear
parameter A is chosen here to be 2.80 for polycarbonate and zero for stain-
less steel. Additionally, the stress time history corresponding to the linear
elastic solution (i.e., nonlinear parameter A is zero for both components)
is shown. It can be seen that the stress time history computed by means
of the considered nonlinear model is very close to the experimental one. It
reproduces three main peaks and decreases with distortion, as it is observed
in the experiment [Zhuang, Ravichandran and Grady (2003)].

In Fig. 5.16 the same comparison is presented for the same composite as
in Fig. 5.15, only the flyer thickness is different (5.63 mm). This means that
the shock energy is approximately twice higher than that in the previous
case. The nonlinear parameter A is also increased to 4.03 for polycarbon-
ate and remains zero for stainless steel. As a result, all 6 experimentally
observed peaks are reproduced well.

In Fig. 5.17 the comparison of stress time histories is presented for the
composite, which consists of 16 0.37 mm thick units of polycarbonate and
16 0.20 mm thick units of D-263 glass. The material properties of D-263
glass are [Zhuang, Ravichandran and Grady (2003)]: the density p = 2510
kg/cm?, the sound velocity ¢ = 5703 m/s. The distance between the
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Fig. 5.17 Comparison of shock stress time histories corresponding to the experiment
112301 [Zhuang, Ravichandran and Grady (2003)].

measurement point and the impact face is 3.41 mm. Corresponding flyer
velocity is 1079 m/s and the flyer thickness is 2.87 mm. The nonlinear
parameter A is chosen to be equal 5.025 for polycarbonate and zero for D-
263 glass. Again, the stress time history corresponding to the linear elastic
solution (i.e., nonlinear parameter is zero for both components) is shown.
As one can see, the stress time history corresponding to the nonlinear model
reproduces all 5 peaks with the same amplitude as observed experimentally.

Figure 5.18 shows the comparison of stress time histories for composite,
which consists of 7 units of polycarbonate, each 0.74 mm thick, and 7 units
of float glass, each 0.55 mm thick. The material properties of float glass
are slightly different from those for D-263 glass [Zhuang, Ravichandran and
Grady (2003)]: the density p = 2500 kg/cm?, the sound velocity ¢ = 5742
m/s. The stress profiles correspond to the distance 3.37 mm from the
impact face, to the flyer velocity 563 m/s, and to the flyer thickness 2.87
mm. The nonlinear parameter A is equal to 3.04 for polycarbonate and
zero for float glass. The result of the numerical simulation coincides with
those of the experiment both in amplitude and shape.

In Fig. 5.19 the same comparison is presented for the same composite,
only the flyer velocity is almost doubly higher, at 1056 m/s. The value of
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Fig. 5.18 Comparison of shock stress time histories corresponding to the experiment
120201 [Zhuang, Ravichandran and Grady (2003)].
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Fig. 5.19 Comparison of shock stress time histories corresponding to the experiment
120202 [Zhuang, Ravichandran and Grady (2003)].
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the nonlinear parameter A is 5.53 for polycarbonate and zero for float glass.
It can be observed that the result of the numerical simulation is very close
to experimental data. The complicated shape of the experimental stress
time history is reproduced as well.

As can be seen, the agreement between results of calculations and ex-
periments is achieved by the adjustment of the nonlinear parameter A.

5.5.3 Discussion of results

Though the parameter of nonlinearity A looks like a material constant in
Eq. (5.11), numerical simulations show this parameter also depends on the
structure of the specimen. The nonlinear parameter values, together with
the used experimental conditions are given in Table 5.1. In the table, PC
denotes polycarbonate, GS - glass, SS - 304 stainless steel; the number
following the abbreviation of the component material represents the layer
thickness in hundredths of a millimeter.

Table 5.1 Experimental conditions and values of the parameter of nonlinearity.

Exp. Specimen Units Flyer Flyer Gage A A
soft /hard velocity  thickness  position (PC)  other
(m/s) (mm) (mm)
110501  PC37/SS19 16 1043 2.87 (PC) 3.44 2.80 0
110502  PC37/SS19 16 1045 5.63 (PC) 3.44 4.03 0
112301  PC37/GS20 16 1079 2.87 (PC) 3.41 5.025 0
120201  PC74/GS55 7 563 2.87 (PC) 3.37 3.04 0
120202 PCT74/GS55 7 1056 2.87 (PC) 3.35 5.53 0

It appears that the application of the nonlinear model only to the soft
material (polycarbonate) is sufficient to reproduce stress profiles at the gage
position about 3.4 mm; any hard material can be treated as a linear elastic
one.

The comparison of experimental conditions in experiments 110501 and
110502 as well as 120201 and 120202 and the corresponding values of the
parameter of nonlinearity A demonstrates the dependence of the parameter
A on the impact energy. The influence of the impedance mismatch clearly
follows from the results of simulations corresponding to experiments 110501
and 112301. The dependence on the number of layers is not clear: the dif-
ference between the values of the nonlinear parameter in the simulations of
experiments 112301 and 120202 can be attributed to the slightly different
material properties of float glass and D-263 glass. The effect of the thick-
ness ratio of the layers mentioned in [Chen and Chandra (2004)] cannot
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be investigated on the basis of the discussed experimental data, since the
thickness ratio was unchanged in the experiments by Zhuang, Ravichandran
and Grady (2003).

It follows that the nonlinear behavior of the soft material is affected
not only by the energy of the impact but also by the scattering induced
by internal interfaces. It should be noted that the influence of the non-
linearity is not necessarily small. In the numerical simulations matching
the experiments, the increase of the actual sound velocity of polycarbonate
follows. It may be up to two times in comparison with the linear case. This
conclusion is really surprising but supported by the stress time histories.
Such an effect but at smaller scale has also been shown by LeVeque (2002b);
LeVeque and Yong (2003).

To compare the results of experiments with different geometry and load-
ing conditions, we need to have a similarity in the experimental setting.
However, experimental data in Zhuang, Ravichandran and Grady (2003)
correspond to various impact energies, impedance mismatches, and number
and thickness of units. Therefore, we need to normalize the experimental
conditions. First of all, we choose one of the experiments as a representa-
tive one. For example, we can choose experiment marked as 110501 as a
representative one. We then relate all other experimental conditions to the
conditions of the representative experiment. This means the impact energy
for each experiment should be normalized with respect to the impact energy
corresponding to the experiment 110501 resulting in the normalized impact
energy F. Similarly, the impedance ratio of hard and soft materials should
be normalized with respect to the corresponding ratio for the experiment
110501 to obtain the normalized impedance ratio Z. The geometrical factor
can be introduced as follows:

mhg

G-
Iy + ha

(5.12)

where m is gage position, hy and hs are thicknesses of soft and hard layers,
respectively. Its normalized value G is obtained as described above.
We can then compute a modified parameter of nonlinearity A

. Z
A:Aﬂfa (5.13)

The results of calculations are given in Table 5.2. As one can see, the
modified values of the parameter of nonlinearity deviate from the mean
value (equal to 2.806) by less than 3.5 %.
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Table 5.2 Normalized experimental conditions and nonlinearity parameters.

Exp. Specimen Normalized Relative Geometrical A A\/ %
soft /hard flyer impedance factor (PC)
energy F mismatch Z G
110501  PC37/SS19 1.00 1.00 1.00 2.80 2.80
110502  PC37/SS19 1.97 1.00 1.00 4.03 2.87
112301  PC37/GS20 1.07 0.316 1.02 5.025 2.71
120201  PC74/GS55 0.29 0.316 1.226 3.04 2.87
120202 PCT74/GS55 1.025 0.316 1.226 5.53 2.78

The possibility to calculate the single value of the parameter of non-
linearity means that there exists a similarity in the process under different
impact energies, impedance mismatches and geometry. Therefore, the value
of the parameter of nonlinearity can be calculated following the simple sim-
ilarity relation (5.13) from one set of experimental conditions with respect
to another.

It should also be noted that the equation of state suggested for the
simulation of the plate impact test in [Chen and Chandra (2004); Chen,
Chandra and Rajendran (2004)] is simply an approximation of the relation
(5.7) in the case of very small deformations. In fact,

é=cV1+424e ~c(1+ Ae) for Ae < 1. (5.14)

The nonlinear part Ae can be represented as Av/c at least under condition
dx/dt = ¢, which leads to the equation of state

¢=c+ Av, (5.15)

mentioned above. This kind of equation of state is also condition-dependent
since the particle velocity v depends definitely on the structure of a speci-
men [Berezovski et al. (2006)].

Thus, the application of a nonlinear stress-strain relation for materials
in numerical simulations of the plate impact problem of a layered hetero-
geneous medium shows that a good agreement between computations and
experiments can be obtained by adjusting the values of the parameter of
nonlinearity. In the numerical simulations of the finite-amplitude shock
wave propagation in heterogeneous composites, the flyer size and velocity,
impedance mismatch of hard and soft materials, as well as the number and
size of layers in a specimen were the same as in experiments by Zhuang,
Ravichandran and Grady (2003). Moreover, a nonlinear behavior of materi-
als was also taken into consideration. This means that combining scattering
effects induced by internal interfaces and physical nonlinearity in materials
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behavior into one nonlinear parameter provides the possibility to reproduce
the shock response in heterogeneous media observed experimentally. In this
context, parameter A is actually influenced by (i) the physical nonlinearity
of the soft material and (ii) the mismatch of elasticity properties of soft and
hard materials. The mismatch effect is similar to the type of nonlinearity
characteristic to materials with different moduli of elasticity for tension and
compression. The mismatch effect manifests itself due to wave scattering at
the internal interfaces, and therefore, depends on the structure of a speci-
men. The variation of the parameter of nonlinearity confirms the statement
that the nonlinear wave propagation is highly affected by interaction of the
wave with the heterogeneous substructure of a solid [Zhuang, Ravichandran
and Grady (2003)].

The relation between different values of the parameter of nonlinearity
is found by means of the normalization of experimental conditions. The
obtained similarity means that the same physical mechanism can manifest
itself differently depending on the particular heterogeneous substructure.

It should be noted that layered media do not exhaust all possible sub-
structures of heterogeneous materials. Another example of heterogeneous
substructure is provided by functionally graded materials.

5.6 Waves in functionally graded materials

Functionally graded materials (FGMs) are composed of two or more phases,
that are fabricated so that their compositions vary more or less continu-
ously in some spatial direction and are characterized by nonlinear gradients
that result in graded properties. Traditional composites are homogeneous
mixtures, and they therefore involve a compromise between the desirable
properties of the component materials. Since significant proportions of an
FGM contain the pure form of each component, the need for compromise
is eliminated. The properties of both components can be fully utilized. For
example, the toughness of a metal can be mated with the refractoriness of
a ceramic, without any compromise in the toughness of the metal side or
the refractoriness of the ceramic side.

Comprehensive reviews of current FGM research may be found in the
papers by Hirai (1996) and Markworth, Ramesh and Parks (1995), and in
the book by Suresh and Mortensen (1998).

Studies of the evolution of stresses and displacements in FGMs sub-
jected to quasistatic loading [Suresh and Mortensen (1998)] show that the
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utilization of structures and geometry of a graded interface between two
dissimilar layers can reduce stresses significantly. Such an effect is also im-
portant in case of dynamical loading where energy-absorbing applications
are of special interest.

We consider the one-dimensional problem in elastodynamics for an FGM
slab in which material properties vary only in the thickness direction. It
is assumed that the slab is isotropic and inhomogeneous with the following
fairly general properties [Chiu and Erdogan (1999)]:

E'(x) = E} (a§ + 1)m, (@) = po (a§ + 1)", (5.16)

where p is the mass density, [ is the thickness, a, m, and n are arbitrary
real constants with a > —1, Ey and pg are the elastic constant and density
at x = 0. The elastic constant Fj is determined under the assumption that
oyy = 0., and the slab is fully constrained at infinity. It can thus be shown
that

, E(l-v)

E = - (5.17)

where F(z) and v(z) being the Young’s modulus and the Poisson’s ratio of
the inhomogeneous material.

It is assumed that the slab is at rest for ¢ < 0, therefore, the following
initial conditions are valid:

v(x,0) =0, o(z,0)=0. (5.18)
The boundary condition at x = 0 is
v(0,t) =0, t>0 (“fixed” boundary). (5.19)
At x = [ the slab is subjected to a stress pulse given by
0ux(l,t) = oo f(t), t>0, (5.20)

where the constant o is the magnitude of the pulse, the function f describes
its time profile, and without any loss in generality, it is assumed that if
fl< 1

Following Chiu and Erdogan (1999), we consider an FGM slab that
consists of nickel and zirconia. The thickness of the slab is [ = 5 mm, on
one surface the medium is pure nickel, on the other surface pure zirconia,
and the material properties Fy(xz) and p(z) vary smoothly in thickness
direction. A pressure pulse defined by

ozz(l,t) = oo f(t) = —oo(H(t) — H(t — o)) (5.21)
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Table 5.3 Properties of materials.
E(GPa) v  p(kg/m?)

ZrO 151 0.33 5331

Ni 207 0.31 8900

is applied to the surface © = [. Here H is the Heaviside function. The pulse
duration is assumed to be ty = 0.2 us. The properties of the constituent
materials used are given in Table 5.3 [Chiu and Erdogan (1999)].

The material parameters in Eq. (5.16) for the FGMs used are [Chiu
and Erdogan (1999)]: a = —0.12354, m = —1.8866, and n = —3.8866. The
stress is calculated up to 12 us (the propagation time of the plane wave
through the thickness [ = 5 mm is approximately 0.77 us in pure ZrO5 and
0.88 s in Ni).

15 T T T T T
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o
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Fig. 5.20 Variation of stress with time in the middle of the slab.

Numerical simulations were performed by means of the same algorithm
as above. Comparison of the results of the numerical simulation and the
analytical solution by Chiu and Erdogan (1999) for the time dependence of
the normalized stress o, /0o at the location x/l = 1/2 is shown in Fig. 5.20.

As one can see, it is difficult to make a distinction between analytical
and numerical results. This means that the applied algorithm is well suited
for the simulation of wave propagation in FGM.

A nonlinear behavior for the same materials with the nonlinearity pa-
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rameter A=0.19 is shown in Fig. 5.21. For the comparison, calculations
were performed with the value 0.9 of the Courant number in both linear
and nonlinear cases.
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Fig. 5.21 Variation of stress with time in the middle of the slab. Nonlinear case.

The amplitude amplification and pulse shape distortion in comparison
with linear case is clearly observed. In addition, the velocity of a pulse in
the nonlinear material is increased.

5.7 Concluding remarks

As we have seen, linear and non-linear wave propagation in media with
rapidly-varying properties as well as in functionally graded materials can
be successfully simulated by means of the modification of the wave prop-
agation algorithm based on the non-equilibrium jump relation for true in-
homogeneities. It should be emphasized that the used jump relation ex-
press the continuity of genuine unknown fields at the boundaries between
computational cells. The applied algorithm is conservative, stable up to
Courant number equal to 1, high-order accurate, and thermodynamically
consistent. However, the main advantage of the presented modification
of the wave-propagation algorithm is its applicability to the simulation of
moving discontinuities. This property is related to the formulation of the
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algorithm in terms of excess quantities. To apply the algorithm to moving
singularities, we should simply change the non-equilibrium jump relation
for true inhomogeneities to another non-equilibrium jump relation valid for
quasi-inhomogeneities. The details of the procedure is described in the next
chapters.



Chapter 6

Macroscopic Dynamics of
Phase-Transition Fronts

Martensitic phase-transition front propagation provides a good example of
moving discontinuities.

As it is known, martensitic transformations are first order, diffusionless,
shear solid state structural changes [Christian (1965)]. A cooperative rear-
rangement of atoms into a new, more stable crystal structure is observed
in such a case of displacive transformation but without changing the chem-
ical nature of the material. It follows that the austenite and martensite
lattices will be intimately related. Incoherent interfaces are not compatible
with these requirements and can be ruled out for martensitic transforma-
tions. Martensite plates can grow at speeds which approach that of sound
in the material. Such large speeds are inconsistent with diffusion during
transformation.

The propagation of phase interfaces in shape-memory alloys under ap-
plied stress is an experimentally observed phenomenon [Shaw and Kyri-
akides (1997); Sun, Li and Tse (2000)]. This phenomenon may be consid-
ered at different levels of description [Maugin (1998-1999)]. In the context
of this book, we focus on macroscopic aspects of the dynamics of diffu-
sionless stress-induced martensitic phase-transition fronts which are viewed
as moving discontinuities in thermoelastic solids. From the mathematical
point of view, such a problem is related to non-classical shock problems for
conservation laws [Lefloch (2002); Dafermos (2005)].

The phase-transition front is represented by a jump discontinuity sur-
face of zero thickness separating the different homogeneous austenite and
martensite phases. This means that internal structure of the front [Truski-
novsky (1987); Ngan and Truskinovsky (2002)] is beyond this framework.

The simplest formulation of the stress-induced phase-transition front
propagation problem is given [Abeyaratne, Bhattacharya and Knowles

85
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(2001)] in the case of an isothermal uniaxial motion of a slab. The phase
front is represented by a jump discontinuity surface separating the different
austenite and martensite branches of the N-shaped stress-strain curve. A
shift of the martensitic branch of the curve is provided by the incorporation
of a transformation strain, which is here considered as an experimentally
determined material constant.

Standard boundary value problems do not have a unique solution when
phase boundaries are present. The uniqueness of the solution is provided
by the introduction of two supplementary constitutive-like relationships: a
kinetic law for a driving force that establishes the speed of the transfor-
mation front and a nucleation criterion [Abeyaratne and Knowles (1990,
1991)].

A similar problem was analyzed on the basis of a constitutive model
of the shape memory effect and pseudoelasticity of polycrystalline shape-
memory alloy [Chen and Lagoudas (2000); Bekker et al. (2002); Shaw
(2002); Lagoudas et al. (2003)]. The key feature of this approach is to
introduce one or more internal variables (order parameters) describing the
internal structure of the material. In the macroscopic modeling of shape-
memory alloys, each point of the material represents a phase mixture. Lo-
cal quantities are volume-averaged macroscopic quantities that depend on
the microstructure through some overall descriptor (usually the phase frac-
tion). Solution of the problem is provided by prescribing two constitutive
ingredients: the macroscopic free energy function and a set of kinetic rate
equations for the microstructural descriptors. The free energy function is
decomposed in elastic and inelastic parts [Helm and Haupt (2003)]. The
inelastic part represents the energy storage due to internal stress fields (in-
ternal variables). The resulting equations for the macroscopic behavior fit
into the framework of internal variable models [Bernardini (2001)]. Several
models fitting into this basic framework have been proposed although some-
times employing quite different formalisms [Fischer et al. (1994); Birman
(1997); Bernardini and Pence (2002)]. All of them involve a constitutive
information prescribed via state equations and kinetic equations for the
internal variables. Differences between the models involve the choice and
interpretation of the internal variables and the form of kinetic equations.

In spite of the differences between the above mentioned approaches,
one assumption is common: both of them exploit the local equilibrium ap-
proximation though jump relations at the phase boundary may differ from
the classical equilibrium jump relations. This means that all the fields in-
cluding temperature and entropy are supposed to be well defined at any
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point as usual [Leo, Shield and Bruno (1993); Kim and Abeyaratne (1995);
Shaw and Kyriakides (1997)]. At the same time, it is well understood that
the martensitic phase transformation is a dissipative process that involves
entropy change. The standard local equilibrium approximation is not suffi-
cient to describe such a behavior. As discussed in chapter 3, the local phase
equilibrium conditions should be taken into account.

In what follows we consider the simplest possible one-dimensional set-
ting of the problem of impact-induced phase transformation front propaga-
tion. Both martensitic and austenitic phases are considered as isotropic ma-
terials. Since thermal expansion coefficient, for example, of NiTi is around
6—11 x 107°K~!, the thermal strain in the material is negligible under the
variation up to 100 K. Therefore, the isothermal case is considered first.
Then the adiabatic case is analyzed.

6.1 Isothermal impact-induced front propagation

The only experimental investigation concerning impact-induced austenite-
martensite phase transformations was reported by Escobar and Clifton
(1993, 1995). In their experiments, Escobar and Clifton used thin plate-like
specimens of Cu-14.44A1-4.19Ni shape-memory alloy single crystal. One
face of this austenitic specimen was subjected to an oblique impact load-
ing, generating both shear and compression (Fig. 6.1). The conditions of
the experiment were carefully designed so as to lead to plane wave prop-
agation in the direction of the specimen surface normal. The orientation
of the specimen relative to the lattice was chosen so as to activate only
one single variant of martensite. The temperature changes during Escobar
and Clifton’s experiments are thought to be relatively unimportant. The
measurements are taken in the central part of the rear face of the speci-
men. The ratio of the lateral to the transversal dimensions was chosen so
that all the measurements were completed before the arrival of any release
wave originating at the lateral faces of the slab. As Escobar and Clifton
noted, measured velocity profiles provide several indications of the exis-
tence of a propagating phase boundary, in particular, a difference between
the measured particle velocity and the transverse component of the pro-
jectile velocity. This velocity difference, in the absence of any evidence of
plastic deformation, is indicative of a stress-induced phase transformation
that propagates into the crystals from the impact face.

The determination of this velocity difference is most difficult from the
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flyer plate
Cu-Al-Ni

target plate
Cu-Al-Ni

Fig. 6.1 Geometry of the experiment by Escobar and Clifton (1993, 1995).

theoretical point of view, because it depends on the velocity of the moving
phase boundary.

A kinetic relation between the phase boundary velocity and the driving
force was determined by Abeyaratne and Knowles (1997b) on the basis
of the constitutive model they developed and the experimental data from
Escobar and Clifton (1993, 1995). The resulting square-root kinetic curve
is unbounded. This is in contradiction to their own result of the asymptotic
behavior of kinetic curves [Abeyaratne and Knowles (2006)]. Therefore, the
theoretical explanation of the particle velocity difference is still required.

6.1.1 Uniaxial motion of a slab

In order to model the conditions of the experiment by Escobar and Clifton
(1993, 1995), it is sufficient to consider the problem in the one-dimensional
setting.

Following Abeyaratne, Bhattacharya and Knowles (2001), we consider
the simplest possible formulation of the problem, namely, the uniaxial mo-
tion of a slab. Consider a slab which, in an unstressed reference configura-
tion occupies the region 0 < 1 < L, —00 < 9, x3 < 00, and consider the
uniaxial motion of the form
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up = ulx,t), x=x1, uz=u3=0, (6.1)

where u; are components of the displacement vector. In this case, we have
only one non-vanishing component of the strain tensor

ou
= — 6.2
T 9 (62)
and, therefore, the bulk equations (4.7), (4.8) in the isothermal case are
reduced to

ov Oo

do Ov
o = (M) + 2w 5o (6.4)
where v is the particle velocity
ou
v = E, (65)

and o is the uniaxial stress.
The velocity and stress fields v(x,t) and o(z, t) subject to the following
initial and boundary conditions:

o(z,0) =v(x,0) =0, for 0<az<L, (6.6)

v(0,t) =wvo(t), o(L,t)=0, for ¢>0, (6.7)

where vo(t) is a given time-dependent function, and to the jump relations
at the moving phase boundary §

Vi [pov] + [0] =0, (6.8)
[V]=0, [0]=0, (6.9)
fs =—[W]+ (o) [e], (6.10)
fsVn = 0s0s > 0. (6.11)

Here V is the material velocity, Vi is the velocity of the moving phase
boundary, W is the free energy per unit volume, which will be specified
later.

The formulated uniaxial dynamic problem (6.3)-(6.11) is solved by
means of the finite volume numerical scheme (4.56), (4.57) which can be
represented in the considered case as follows:
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O = (@ = geo- (59 - (57)8). (6.12)
—k+1_—k:£ ek -k

Remember that the superscript k£ denotes time step and subscript n corre-
sponds to the computational cell location in space. The excess quantities &
and V will be determined by means of the local equilibrium jump relations
(3.47), (3.48) in the next sections.

6.1.2 FExcess quantities in the bulk

The values of the excess quantities in bulk are determined in the same
way as in the case of wave propagation. In the isothermal case, the non-
equilibrium jump relation (3.47) reduces to

[0+X]=0. (6.14)

This means that at the interface between cells (n—1) and (n) in the uniaxial
case

(EH)n-1 = (5 )0 = (8)n — (0)n-1. (6.15)
The jump relation following from the kinematic compatibility (4.22) reads
[0+ V] =0. (6.16)

Therefore, we obtain in the uniaxial case
(Va1 = (V) = (0)n — (D)1 (6.17)

Using the conservation of “Riemann invariants” for excess quantities (4.66),
(4.67)

(7)), +puca (V) =0, (6.18)

n

(1), = porcaa (VF), =0, (6.19)

n—1 "

we obtain then the system of linear equations for the determination of
excess quantities. This system of equations can be solved exactly for each
boundary between computational cells. Then the field quantities can be
updated for the next time step by means of the numerical scheme (6.12)-
(6.13).
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6.1.3 FExcess quantities at the phase boundary

To determine the values of excess stresses at the moving phase boundary, we
keep the continuity of excess stresses across the phase boundary [Berezovski
and Maugin (2005b)]

[x] =0, (6.20)
which yields
(=), - (&), =0, (6.21)

where the phase boundary is placed between elements (p — 1) and (p).

The last jump condition can be interpreted as the conservation of the
genuine unknown jump at the phase boundary in the numerical calculations
because (6.20) means that

o] =[0+X]=]o]. (6.22)
This is illustrated in Fig. 6.2.

O-A

Ql

Q

n-1 n X
Fig. 6.2 Stresses at the moving boundary.

From the thermodynamical point of view, the continuity of excess
stresses (6.20) means that we keep the same distance from equilibrium
for both phases in our local equilibrium description (cf. Section 4.6).

The relation (6.20) should be complemented by the coherency condition
between phases [Maugin (1998)]

[V] = 0. (6.23)
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The jump of the kinematic condition between material and physical velocity
[Maugin (1993)] reads

[v+F- -V]=[v]+ (F)V]+[F] - (V) =0. (6.24)
This means that in the uniaxial case
[v] + [e[{V) = 0. (6.25)

Inserting the last relation into the jump relation following from the kine-
matic compatibility condition (5.2), we obtain the identity

Vnle] = [e{V) =0, (6.26)

since the material velocity is continuous across the phase boundary.
To be consistent, we require the conservation of the genuine jump also
for velocity

V] =0, (6.27)

which leads to the jump relations for linear momentum in terms of averaged
quantities

VN [po’D] + [5’] == O, (628)
and to the corresponding jump of the kinematic compatibility
Vyl[E] + [0] = 0. (6.29)

We still keep the relations between excess stresses and excess velocities
(6.18), (6.19). This means that in terms of excess stresses Eq. (6.27) yields

(E+)p—1 + (E_)p
Pp—1Cp—1 PpCp

=0. (6.30)

It follows from the conditions (6.21) and (6.30) that the values of excess
stresses vanish at the phase boundary

(EJr)pfl =(Z7)p=0. (6.31)

Now all the excess quantities at the phase boundary are determined, and
we can update the state of the elements adjacent to the phase boundary.
However, the proposed procedure should be applied at the phase bound-
ary only after the initiation of the phase transition process. The possible
motion of the interface between phases should also be taken into account.
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6.1.4 Initiation criterion for the stress-induced phase
transformation

Up to now we have used different local equilibrium jump relations in the
bulk and at the phase boundary. It is expected that, at the beginning of the
phase transformation process, the local equilibrium jump relations should
be changed from one form to another. This means that at the initiation of
the stress-induced phase transition both local equilibrium jump relations
(3.47) and (3.48) are fulfilled at the phase boundary simultaneously:

{9 (g)g +0+ E] =0, (6.32)

[a—§<%)8+2—9—(2—§>8] =0, (6.33)

where S = S + S., due to the additivity of entropy.
Eliminating the jumps of stresses from the system of Egs. (6.32), (6.33),
we obtain, then, a combined jump relation

{9 (g>g+9(%>s+e(%)s] =0. (6.34)

We suppose that the temperature dependence for the excess stresses is the
same as for averaged stresses

(2@ e

where m is the thermoelastic coupling coefficient. Therefore, the combined
non-equilibrium jump relation (6.34) takes the form

{é (g—f)g + 2§m] =0. (6.36)

Remembering the continuity of excess stresses at the phase boundary we

obtain from Eq. (6.32)
--[1(%) ] (637

Therefore, we will finally have
[6] = 260 [m] . (6.38)

This is the desired criterion of the initiation of phase transformation in
terms of the jump of the averaged stresses.
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It is more convenient to express the obtained initiation criterion in terms
of the driving force using Eq. (6.37)

5(2) |~ -anio o)

To be able to calculate the jump of the entropy derivative, we suppose that
entropy behaves like the driving force in the neighborhood of the phase
boundary (see Sec. 3.5)

L =l (6.40)

where f is defined by analogy with Eq. (6.10)

S:

f=-W+ (o), (6.41)

with
() = D+ @po1, (6.42)
This supposes that, at the point where Egs. (6.40) and (6.41) are defined,
there exists in thought an oriented surface of unit normal n. If there is no
discontinuity across this surface, then f is a so-called generating function
(the complementary energy changed of sign and up to a constant). If there
does exist a discontinuity, then the expression becomes meaningful only if

the operator [- - -] is applied to it.
Using the representation (6.40), we obtain for the derivative of the en-

tropy
08 1/0f f (00
2) = () -2 (Z) . 6.43
<8€)U 9(8&)0 02 <85>U (6.43)
Substituting the last relation into Eq. (6.37), we can determine the stress
jump at the phase boundary in terms of the driving force

=G (32), ) s () ) 1(@)) o

This means that we can specify the combined jump relation at the phase
boundary (6.38) to the form

6 (5),) 0 5 (@), - [(5) | =i 0
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In the uniaxial case, the expression for the function f in the transformed
martensitic part can be written as follows

1_ 1C
f= —%:(_5 —Er) + B} o (9 90) + OtrEtr (6.46)
——(0 = 60)(€ — eur) + () (€ — &1r) + fo,

2
where &4, is the transformation strain, oy, is the transformation stress, fy
is an arbitrary constant. Correspondingly, in the austenitic phase

f:_%gg+%%(9 00)* ——(9 00) + (5)z + fo, (6.47)

where elastic coefficients are different for austenite and martensite, but the
constant fy is the same. Therefore, the derivative of f with respect to the
strain at fixed stress in both cases is given by

(%)U_—g—gw—%yua, (6.48)

because the temperature is determined independently from other fields in
the thermal stress approximation. The corresponding jump in the isother-

(2)]--t w4

Substituting the obtained value of the jump into Eq. (6.45) and taking into
account Eq. (6.38), we have

s(5(5) )+ 3 (%) |-l e

or, more explicitly,

s (B2 4y |22 g (6.51)

In the correspondence with Eqs. (6.46) and (6.47), the mean value of the
function f is expressed in the isothermal case as

mal case is

1
(f) =~ (0mEa +04(Em — €tr) + 20¢r€0r) + fo, (6.52)
4
whereas its jump is
1
[f] == (0mEa —TaA(Ev — €tr) — 2000E1r) (6.53)
2

where subscripts “A” and “M” denote austenite and martensite, respec-
tively.
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Usually, the transformation stress o4 and the transformation strain &4,
are treated as material parameters [Abeyaratne, Bhattacharya and Knowles
(2001)]. Therefore, we can rewrite the relations (6.52) and (6.53) as follows

1 TAC 1
<f>_f0_§0'tr5t7‘: A2M <)\+2u>, (6.54)
. OAOM 1
1+ owen = —— [/\Jr 2/J : (6.55)

Dividing both parts of Eq. (6.54) by the corresponding parts of Eq. (6.55)
we can eliminate stresses from the relation between mean value and jump
of the function f

<f> - fO - l0—157‘5157‘ o 1 1 -1
[f1+ Utfﬁtr B </\ + 2N> L\ T QM] ‘ (6.56)

After rearranging the last equation, we will have for the mean value of the
function f

() = ot 50uce + (U] + owee) <A +12M> L +12/J T 6sn)

Substituting the relation (6.57) into Eq. (6.51) and remembering that the
jump of the function f is the driving force fs, we obtain

AR —

1 1 LY foezg]
1%
_ (f0+§0'tr5t7‘+0't7‘€tr<)\+2u> |:A+2,LL:| ) |: m :| '

Therefore, the combined jump relation at the phase boundary (6.58) deter-
mines the value of the driving force at the interface. This value depends on

the choice of the constant fy. It is easy to see that the simplest expression
can be obtained if we choose the value of fj as

1 1 1 1
= ——04rE¢r — OprEtp . 6.59
Jo= 30wt —ous </\+2M>L+2u] (6:59)
In the isothermal case, we can assume even zero mean value of the function

fin Eq. (6.51) [Berezovski and Maugin (2005b)], since at the beginning of
the phase transformation, the transformation stress should be equal to the

difference in stress in the martensitic and austenitic phases

Oty = Ta — Ga, (6.60)
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and the transformation strain is the strain difference between the trans-
formed martensite and austenite

Etr = (&:M — Etr) —EA. (661)

However, this is not possible in the adiabatic case, as we will see below.
Therefore, we keep the choice (6.59) which leads to the following expression
for the driving force

fs = e8] |+ h FE=nit (6.62)

The right-hand side of the latter relation can be interpreted as a critical
value of the driving force in the uniaxial case. Therefore, the proposed
criterion for the beginning of the isothermal stress-induced phase transition
is the following one:

|f8| > |fcritical|7 (663)
where
11777 1
critica :92 - . 64
foricnt=630m) | | 5552 | (6:64)

Note that we have eliminated the contribution of the transformation strain
by means of the choice of the constant fy. Moreover, the critical value of
the driving force should be equal to zero if the properties of martensite and
austenite are identical.

6.1.5 Velocity of the phase boundary

We have proposed the satisfaction of the non-equilibrium jump relation at

the phase boundary
_ (08
0 — c+ 3| =0. .
{ (85)U+U+ ] 0 (6.65)

Moreover, we have assumed the continuity of the excess stresses at the
phase boundary (6.20). This means that the non-equilibrium jump relation

(6.65) is simplified to
_ (0S8 1
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Substituting the results (6.43), (6.44), (6.49), and (6.59) into Eq. (6.66) we
can express the stress jump at the phase boundary in terms of the driving

fs {ﬂ = —902[6] [Aj%] : (6.67)

force

Having the value of the stress jump, we can determine the material veloc-
ity at the moving discontinuity by means of the jump relation for linear
momentum (6.28)

Vn[po?] + [5] = 0. (6.68)
The jump of kinematic compatibility (6.29) gives
[0] = —[€]Vw, (6.69)

and the jump relation for linear momentum (6.68) can be rewritten in a
form that is more convenient for the calculation of the velocity at the phase
boundary

poVy[e] = [o]. (6.70)

In the isothermal case we have for the strain jump

] = { i ]——aw, (6.71)

A+ 2u
or
_ _ 1 _ 1
[€] = [7] <)\ n 2M> + (o) [m} — Etr (6.72)
Representing the mean value of the stress as
(0) =04 —[0]/2, (6.73)

we can rewrite the expression for the stress jump at the phase boundary as
follows

& = Al] — B, (6.74)

where

1 1] 1 1
A=(——)—= B=c¢y — . 6.75
</\+2u> 2[/\+2u}’ cir oA [/\+2;J (6.75)

Therefore, Eq. (6.70) can be represented in terms of the stress jump

P0V1\2/ = /1[5'[]7—37 (6.76)
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or, in terms of the driving force

> [s
Ve = —=° 6.77
POYN = Afs — B/D’ (6.77)
where, in the correspondence with Eq. (6.67)
1 T
D=-2|—/||—| . 6.78
7o) [ 7 @79
Introducing a “characteristic” velocity c. by
1 1 1 1
= Apy = S 6.79
ci? po=1ro (</\+2,u> 2L\—i—2u]>7 ( )
we have, finally
Vajel =15 6.80

Another form of the kinetic relation can be obtained by inverting Eq. (6.80)

B 1
fS = E (1 - W) . (6.81)

It is instructive to compare the obtained kinetic relation with that in Puro-
hit and Bhattacharya (2003)

(6.82)

1 /2
fS:EEt’I" (50_ +€t/ )

As one can see, the functional form of the kinetic relations is the same.

Thus, the kinetic relation and the initiation criterion are derived from
the local equilibrium jump relations (6.32), (6.33) under assumption of
the continuity of excess quantities at the phase boundary in the uniaxial
isothermal case.

It should be noted that the phase transformation process begins only if
the value of the driving force is over the critical value (6.64). Therefore, we
exploit fs — feriticar instead of fs in the expression (6.77). However, the
strain jump is still calculated by fs. This means that the final expression
for the kinetic relation has the form

D(fS - fcritical)
AD(fS - fcritical) + Achritical - B '

The obtained relations at the phase boundary are used in the numerical

poVi = (6.83)

scheme described above for the simulation of phase-transition front propa-
gation.
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6.2 Numerical simulations

6.2.1 Algorithm description

As it was noted, the excess quantities correspond to the cell-centered nu-
merical fluxes for the conservative wave-propagation algorithm [Bale et
al. (2003)]. This means that we can exploit the advantages of the wave-
propagation algorithm [LeVeque (1997)]. However, no limiters are used in
the calculations. Suppressing spurious oscillations is achieved by means
of using a first-order Godunov step after each three second-order Lax-
Wendroff steps. This idea of composition was invented by Liska and Wen-
droff (1998).

A procedure similar to a cellular automaton is applied to the phase-
transition front tracking. At any time step, the values of the driving force
are calculated in cells adjacent to the phase boundary. If the value of the
driving force at the phase boundary exceeds the critical one, the velocity
of the phase front is computed by means of Eq. (6.70). Virtual displace-
ments of the phase-transition front are calculated then for all possible phase
boundaries adjacent to the cell. We keep the cell in the old phase state if
the (algebraic) sum of the virtual displacements is less than the size of the
space step, and change it to another phase otherwise.

All the calculations are performed with Courant-Friedrichs-Levy num-
ber equal to 1. In the homogeneous case this gives the exact solution of the
hyperbolic system of Egs. (6.3) and (6.4).

6.2.2 Comparison with experimental data

As the first result, the time-history for the particle velocity is given in
Fig. 6.3. The time-history of the particle velocity shows that we have noth-
ing early on because no waves have reached the considered point. After
the coming of a fastest elastic wave, the jump in the particle velocity is
observed, but its amplitude is lower than the initial one. This amplitude
is restored in the second jump, which is associated with a phase transi-
tion front. Similar results were qualitatively predicted by Abeyaratne and
Knowles (1997a) and obtained numerically for test problems by Zhong, Hou
and LeFloch (1996).

To compare the results of modeling with experimental data by Escobar
and Clifton (1993, 1995), the calculations of the particle velocity were per-
formed for different impact velocities. Following Abeyaratne and Knowles
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Fig. 6.3 Time-history of the particle velocity.

(1997b), we use the half velocity of the flyer plate because the specimen
and the flyer plate were both composed of the Cu-Al-Ni alloy being tested.
The half of the measured transverse particle velocity is chosen for the com-
parison due to reflection at the rear face of the specimen. The comparison
of calculations with experimental data is presented in Fig. 6.4. As a result,
we can see that the computed particle velocity is practically independent of
the impact velocity. This constant value of the particle velocity corresponds
to the constant shear stress at the phase boundary (cf. Fig. 6.4).

The kinetics of transformation can be represented by the relation be-
tween phase boundary speed and driving force, which is shown in Fig. 6.5.
Here the corresponding values of the phase boundary speed are calculated
by means of the relation (6.70), while the values of driving force are de-
termined by Eq. (6.10). As previously, calculations were performed for
different impact velocities. As one can see, the shape of the obtained curve
is a nonlinear one. This confirms that linear kinetic relations are unable to
predict the experimentally observed difference between tangential impact
velocity and transversal particle velocity in the experiments by Escobar and
Clifton (1993, 1995).
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Fig. 6.4 Particle velocity versus impact velocity.

6.3 Interaction of a plane wave with phase boundary

Materials capable of phase transformation display a behavior known as su-
perelasticity or pseudoelasticity [Christian (1965)]. Pseudoelasticity refers
to the ability of the material to accommodate strains during loading and
then recover upon unloading (via a hysteresis loop). In order to analyze
the strain-stress behavior in the model described above, we consider the
interaction of a plane wave with phase boundary.

The geometry of the problem is shown in Fig. 6.6. The wave is excited
at the left boundary of the computation domain by prescribing a time
variation of a component of the stress tensor. Top and bottom boundaries
are stress-free, the right boundary is assumed to be rigid. The time-history
of loading is shown in Fig. 6.7. If the magnitude of the wave is high enough,
the phase transformation process is activated at the phase boundary. The
maximal value of the Gaussian pulse is chosen as 0.7 GPa. The considered
situation is similar to that in experiments of Escobar and Clifton (1993),
where a plane phase transition front propagated in the normal direction to
the plane of loading, and only one variant of martensite was activated.

Material properties correspond to Cu-14.44A1-4.19Ni shape-memory al-
loy [Escobar and Clifton (1993)] in austenitic phase: the density p = 7100
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Fig. 6.5 Kinetics of transformation.

kg/m?, the elastic modulus E = 120 GPa, the shear wave velocity
cs = 1187 m/s, the dilatation coefficient o = 6.75 - 1076 1/K. It was re-
cently reported [Emel’yanov et al. (2000)] that elastic properties of marten-
sitic phase of Cu-Al-Ni shape-memory alloy after impact loading are very
sensitive to the amplitude of loading. Therefore, for the martensitic phase
we choose, respectively, E = 60 GPa, ¢, = 1055m/s, with the same den-
sity and dilatation coefficient as above. As a first result of computations,
the stress-strain relation is plotted in Fig. 6.8 at a fixed point inside the
computational domain which was initially in the austenitic state.

As we can see, the stress-strain relation is at first linear, corresponding
to elastic austenite. Then the strain value jumps along a constant stress
line to its value in the martensitic state due to the phase transformation.
Accordingly, both loading and unloading correspond to elastic martensite.
The value of the strain jump between straight lines, the slope of which is
prescribed by material properties of austenite and martensite, respectively,
is determined by the value of stress that conforms to the critical value of
the driving force (Eq. (6.54)). The critical value of the driving force should
agree with the barrier of potential that we have to overcome to go from one
phase to the other. Therefore, the stress value corresponding to the critical
value of the driving force can be associated with the transformation stress,
and the value of the strain jump is nothing else but the transformation
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strain. The stress-strain behavior shown in Fig. 6.8 looks very much like
the stress-strain dependence discussed in [Abeyaratne, Bhattacharya and
Knowles (2001)].

This can also be represented in terms of free energy (Fig. 6.9), which
has a typical two energy-wells structure like it is assumed in [Abeyaratne,
Bhattacharya and Knowles (2001)].

6.3.1 Pseudoelastic behavior

Until now it was supposed that austenite is not recovered after unloading.
If the value of the reference temperature is above the onset of reverse trans-
formation temperature, we should expect that the austenitic state will be
recovered after unloading. The inverse phase transformation should occur
immediately when the actual deformation of martensitic elements becomes
less than the transformation strain. Since the inverse transformation is
governed by another condition than the direct transformation, we obtain a
hysteretic stress-strain behavior (Fig. 6.10).

The obtained stress-strain relation at any fixed point results in an overall
pseudoelastic response of a specimen.

To validate the obtained results, the local stress-strain relation at a
fixed point which was initially in austenitic state was calculated. At given
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temperature, martensite can exist only in the deformed state. Therefore,
the transformation strain should be added in the martensitic state. The
best fitting of experimental observations by McKelvey and Ritchie (2000)
corresponds to the value for the transformation strain 3.3%. Just this value
is used for the comparison with the experimental data. The calculated local
stress-strain relation is plotted in Fig. 6.11 together with experimental data
for the quasi-static loading from [McKelvey and Ritchie (2000)].

As we can see, the local stress-strain behavior predicted by the devel-
oped model is very similar to the experimental stress-strain curve for the
bar under quasi-static loading. In quasi-statics, all the material points are
deformed similarly. This means that the global behavior observed in exper-
iments should be the same as the local one. Therefore, we can conclude that
the proposed model describes well the observed behavior of the stress-strain
curve.

The obtained stress-strain behavior results in a specific interaction be-
tween a plane stress wave and the phase boundary. The result of the
interaction is shown in Fig. 6.12 that represents the structure of the inter-
action of the incoming wave (from left) with the phase boundary. Here we
return to the loading pulse shown in Fig. 6.7. We observe that the ampli-
tudes of both transmitted and reflected waves are cut down, whereas the
phase boundary has moved to the austenitic region from its initial position
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shown in Fig. 6.6. Therefore, the martensitic phase transformation exhibits
a property to be a filter for the amplitudes of incoming waves. The mag-
nitude of the transmitted wave in Fig. 6.12 corresponds to the value of the
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transformation stress (see Fig. 6.8).

The considered mathematical model of martensitic phase transition
front propagation is as simple as possible. Martensite and austenite phases
are treated as isotropic linear thermoelastic materials. The phase transi-
tion front is viewed as an ideal mathematical discontinuity surface. Only
one variant of martensite is involved. This means that the phenomenon
is highly idealized but one of the essential features of martensitic trans-
formation holds: the considered phase transformation is diffusionless. The
problem remains non-linear even in this simplified description that supports
a numerical solution.

The supplementary constitutive information needed to avoid the non-
uniqueness of the solution of the boundary-value problem is provided by
means of local equilibrium jump relations at the moving phase boundary,
which are formulated in terms of excess quantities. The same excess quan-
tities are used in the construction of a finite volume numerical scheme that
coincides with the conservative wave propagation algorithm in the absence
of phase transformation. The continuity of the excess quantities at the
phase boundary is assumed, which leads to the conservation of genuine
jumps at the phase boundary in the finite volume algorithm. As a result,
a closed system of governing equations and jump relations can be solved
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numerically. Results of numerical simulations show that the proposed ap-
proach allows us to capture experimental observations while corresponding
to theoretical predictions in spite of the idealization of the process.

6.4 One-dimensional adiabatic fronts in a bar

The rise of temperature at a propagating martensitic phase-transition front
was observed experimentally [Shaw and Kyriakides (1995, 1997); Orgeas
and Favier (1998)], predicted theoretically [Abeyaratne and Knowles (1993,
1994a); Kim and Abeyaratne (1995); Maugin and Trimarco (1995)], and
simulated numerically [Leo, Shield and Bruno (1993); Chen and Lagoudas
(2000); Shaw (2000); Bekker et al. (2002); Chrysochoos, Licht and Peyroux
(2003); Tadicola and Shaw (2004)].

As in the isothermal case, the determination of the velocity of the phase
transition front is also an open question, since almost all simulations are
performed under quasi-static conditions. The only exception is provided by
papers by Lagoudas et al. [Chen and Lagoudas (2000); Bekker et al. (2002);
Lagoudas et al. (2003)]. However, these authors determine the velocity of
the front by means of the jump relation for linear momentum. As noted
in [Maugin (1997)] this is possible only after having the solution for field
variables in which the velocity of the front is intrinsically involved. That is
why we extend the results for homothermal stress-induced phase transition
front propagation [Berezovski and Maugin (2005b)] to the adiabatic case.
The one-dimensional analysis of the phase front propagation in a bar is
carried under the assumption that the change in cross-sectional area of the
bar can be neglected.

Lagoudas et al. [Chen and Lagoudas (2000); Bekker et al. (2002);
Lagoudas et al. (2003)] have clearly shown that, in an impact problem,
the heat conduction is insignificant because of rapid loading. It is then
a reasonable approximation to assume that the processes considered are
adiabatic with heat conduction terms being ignored [Chen and Lagoudas
(2000); Bekker et al. (2002); Lagoudas et al. (2003)]. In the adiabatic case,
temperature is determined independently of other fields.

6.4.1 Formulation of the problem

We consider the boundary value problem of the tensile impact loading of
a 1-D, shape-memory alloy bar that is initially in an austenitic phase and



110 Numerical Simulation of Waves and Fronts in Inhomogeneous Solids

that has uniform cross-sectional area Ay. The bar occupies the interval
0 < z < L in a reference configuration and the boundary x = 0 is subjected
to the tensile shock loading

0(0,t) =6 for t>0. (6.84)
The right end is kept traction free or fixed.

The bar is assumed to be long compared to its diameter so it is under
uniaxial stress state and the stress o(z,t) depends only on the axial posi-
tion and time. The temperature 6y(t) of the environment surrounding the
bar is prescribed, and the bar is initially at the same temperature as the
environment.

The motion of the bar is characterized not only by the displacement field
u(x,t) as in the isothermal case, but also by the temperature field 6(x, ),
where x denotes the location of a particle in the reference configuration and
t is time. Linearized strain is further assumed so the axial component of
the strain e(x, t) is related to the displacement by & = uy(z,t). The density
of the material p is assumed constant. All field variables are averaged over
the cross-section of the bar.

We suppose that the bar is composed of a thermoelastic material char-
acterized by its Helmholtz free energy per unit volume W (e, 6). For such
a material, the stress o and entropy per unit volume S are determined by

the constitutive relations
oW oW

0=5 S:—W. (6.85)
The free energy per unit volume in linear isotropic inhomogeneous ther-
moelasticity is given by (see chapter 4)
C(x)
200
where C'(z) = poc, ¢ is the specific heat at constant stress, and only small
deviations from a spatially uniform reference temperature 6, are envisaged.
The dilatation coefficient « is related to the thermoelastic coefficient m,
and the Lamé coefficients A and p by m = —a(3X + 2u).
The constitutive relation (6.86) is valid for the austenitic phase. Marten-
site exists at the same temperature only in a transformed state which is

(0 — 60)°+m(z) (0 — 6p) e, (6.86)

W (e,6:0) = 5 (\(&) + 2p()) <

characterized by a transformation strain €., a transformation stress oy,

and a latent heat Ly, [Abeyaratne and Knowles (1993)]

C() 2
0—0

200 (6= 60)

Ltr

o

W (e,6;0) =3 (\@) + 2u(x)) (€ — c0r)” -

+m(z) (0 — 00) (5 — e0r) — Ouretr — -2 (0 — ).
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In the thermomechanical process, the one-dimensional balance of linear mo-
mentum and kinematic compatibility, which are the same as in the isother-
mal case

ov Jo

P(I)a = or (6.88)

Jo ov

— (\@) + 2u(a)) 5.

= = (6.89)

are complemented by the first and second laws of thermodynamics (cf.
[Abeyaratne and Knowles (1994a)]) that read in the reference configuration

08  dq

6‘@ + % =T, (690)
00
< .
15, =0, (6.91)

where v(x,t) = wuy is the particle velocity, ¢(x,t) is the heat flux in the
z-direction and r(z,t) is the heat supply rate per unit volume.

Suppose that at time ¢ there is a moving phase boundary at = = 8(t).
Then one also has the corresponding jump relations [Abeyaratne and
Knowles (1994a)]

pVn[v] + [o] = 0, (6.92)
Vivle) + [o] = 0, (6.93)
Vn (0)[S] = la] + fsVn, (6.94)

where Vy is the material velocity of § and the driving traction fs(t) at the
discontinuity is defined by [Truskinovsky (1987); Abeyaratne and Knowles
(1994a,b)]

fs = =W+ {o)[e] = (5)[0). (6.95)

The second law of thermodynamics requires that ¢f, < 0 where the fields
are smooth, and that

fsVn >0 (6.96)

at the phase boundary. If fs is not zero, the sign of Vj, and hence the
direction of motion of discontinuity, is determined by the sign of fs.
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6.4.2 Adiabatic approxrimation

The time scale of the dynamic problem is of the order of micro- to millisec-
onds. The physically meaningful process is an adiabatic one because such
time intervals are too short for heat conduction to take place as well as for
convection to remove heat through the surface of the bar. In the adiabatic
approximation, therefore, the heat conduction term ¢ in Eq. (6.90) can be
neglected [Lagoudas et al. (2003)].

Therefore, we can then rewrite the relevant bulk equations describing an
adiabatic thermomechanical process in an inhomogeneous linear isotropic
bar as the following three equations (cf. [Abeyaratne and Knowles (1994b)])

p(m)% = %, (6.97)
oo ov
o = A@) +2p(2)) 5, (6.98)
ds
= =0 (6.99)

Across a phase boundary, the jump relations (6.92)-(6.94) are still valid.
Furthermore, if we compare the two heat sources (due to thermoelasticity
and due to phase transformation), it becomes clear that the thermoelastic
heat-generation term can be disregarded, and the temperature changes only
due to the phase transformation [Lagoudas et al. (2003)]. This means that
the jump relation (6.94) reduces in the adiabatic approximation to

VN (0)[S] = fsVn. (6.100)

The indeterminacy of the velocity (and position) of the phase transition
front leads to the non-linearity of the problem. As previously, we apply
the same numerical method (6.12)-(6.13) for the solution of the formulated
problem. The excess quantities at the interfaces between computational
cells both in the bulk and at the phase boundary are determined by means
of the local equilibrium jump relations, as it was described in section 6.2.

6.4.3 Initiation criterion for the stress-induced phase
transformation in adiabatic case

In the adiabatic case, the initiation criterion for the stress-induced phase
transformation should be modified since the jump of entropy is determined
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by the scalar value of the driving force (6.100) and the temperature at a
discontinuity

()[S] = s, (6.101)

and the expression for the driving force (6.95) has the form
fs = =[W]+(a)[e] - (9)16)]. (6.102)

Introducing the homothermal part of the driving force fu as
fu=[-W + (5)g] = [05], (6.103)

we can reduce the situation to that in the isothermal case. The differ-
ence between the adiabatic and isothermal cases is that the function f,
constructed for the calculation of the entropy derivative, is connected here
only with the homothermal part of the driving force

fa=10S1=1[fl, (f)=1(09). (6.104)

The expression for the function f in the martensitic part is modified ac-
counting for the latent heat [Abeyaratne and Knowles (1993)]

1 1C m -
f =50~ eu)ts 50— 002 = 50— 60)(e — <)
260 2 (6.105)
0t + = (8 — o) + (5)(2 — e4r) + fo,

to
where Ly is the latent heat per unit volume. Correspondingly, in the
austenitic phase

¢ 50 00)? — %(9 — 00) + (3)E + fo. (6.106)

The jump of the derivative of f with respect to the strain at fixed stress in
both cases is given by

K%)U] = _%[5] — % [m(6 — 60)], (6.107)

because temperature is determined independently of other fields in the con-
sidered adiabatic approximation.

The combined jump relation determining the initiation of the phase
transformation (6.51) then has the form

T R ] . IR (RS



114 Numerical Simulation of Waves and Fronts in Inhomogeneous Solids

The expressions for the mean value and jump of the function f become
dependent on the temperature

1
<f> == Z (6’]\4&:,4 + 5A(§]W - Etr) + 2Utr5t7‘) + fO + <f9>7 (6109)
1
/] =5 (OmEa = Ga(En — &) = 20uewr) + [fol, (6.110)
where the thermal part fy can be represented as
m 1C - Ly -
fo=—50—00)( —eu) + 50— 00)* + ==(0 — 6o), (6.111)
2 20, to

noting that the transformation strain and the latent heat are zero in the
austenitic part.
We can rewrite the relations (6.109) and (6.110) as follows

1 OAOM 1

() = o= (fo) = gouren = TA0 <A+2M>, (6.112)
OACM 1

1= Lol + oureer = 745 {qu]' (6.113)

Dividing both parts of Eq. (6.112) by the corresponding parts of Eq. (6.113),
we can eliminate stresses from the relation between mean value and jump
of the function f

e - (ww) ]

After rearranging the last equation, we will have for the mean value of the
function f

()= fo+ o) + 30w

1 1]
U=+ owee) (g ) | 53]
Substituting the relation (6.115) into Eq. (6.108) and remembering that the
jump of the function f is the driving force fy, we obtain

(6.114)

(6.115)

] ] -t
_ <f0+ %atrstr+atratr </\+12u> L\Jrlm]l) {%} (6.116)

- (o0 [z -0 () 1952 ]
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Therefore, the combined jump relation at the phase boundary (6.116) deter-
mines the value of the driving force at the interface. This value depends on
the choice of the constant f. It is easy to see that the simplest expression
can be obtained if we choose the value of fj as

-1
fo=—o ! ! (6.117)
0 — 20tr€tr OtrEtr B\ + 2/14 2\ + 2M . .

Since initial temperatures in both austenite and martensite are equal to the
reference temperature 6y, the thermal part of the function f is zero before
phase transformation starts. This means that the initiation criterion for
beginning of the phase transformation in the adiabatic case is identical to
that in the isothermal case (6.54) as well as the choice of the constant fo
(6.117)

|fH| Z |fcritical|u (6118)
where
—1
1 1
critica :92 — . A1
forticnt=630m) | | 5552 | (6.119)

However, further motion of the phase boundary depends on the tempera-
ture. This leads to a more complicated expression for the critical value of
the driving force in the adiabatic case. That is,

Forica = 5m(0+ 00)] | 7] : ferm

Om

(w0 [xtza] - () [50 ) [s)

Therefore, the critical value of the driving force can be calculated only
numerically at each time step.

(6.120)

6.4.4 Velocity of the phase boundary

We are still able to express the stress jump at the moving phase boundary
in terms of the driving force.

(6] = [m(0 + 6)] — 2fm {%} L\ +12u] h

_ ) 1 U T o (6.121)
2(<f0> [f"]<A+2u>[A+2u] ){ om ]
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Having the value of the stress jump, we can determine the material veloc-
ity at the moving discontinuity by means of the jump relation for linear
momentum (6.92)

pVi[E) = [o]. (6.122)

Relation (6.122) fully determines the velocity of the phase transition front
propagation. However, we can express the influence of the temperature in
a more explicit form. In the adiabatic case we have for the strain jump

€] = [Afzu} — [mii_zio)} — &t (6.123)

] = [o]< ! >+ (@) [ ! ] - {m(ﬁ—@o)} . (6.124)

A42p A42p A42p

or

Representing the mean value of the stress as
(@) =64 — [6]/2, (6.125)

we can rewrite the expression for the stress jump at the phase boundary as
follows

[£] = A[g] — B(0), (6.126)

where
k) At o
B(0) = 1y — 54 L +12u] + {mii;ioq . (6.128)

Therefore, Eq. (6.122) can be represented in terms of the stress jump

poVi = ﬁ. (6.129)

As follows from Eq. (6.121), the stress jump is connected to the driving
force by

(6] = Dfu + H(0), (6.130)

where

p—-2|2] |52 ] (6.131)



Macroscopic Dynamics of Phase-Transition Fronts 117

H(@) = [m(6 + 0,)]

2 (-t () ][22

This leads to the kinetic relation of the form

v2__ Dfa+H(®)
POYN = ADfy + AH(9) - B(B)’

(6.133)

which should be modified taking into account the critical value of the driv-
ing force in the same way as in the isothermal case

D(fH - fcritical) + H(e)

AD(fug — feritical) + AD feriticar + AH(0) — B(0)' (6.134)

Povﬁ =

The temperature dependence allows us to calculate the velocity of the phase
boundary in the adiabatic case only numerically.

6.4.5 Temperature field

The rate of entropy production due to the moving discontinuity is deter-
mined by [Abeyaratne and Knowles (2000)]

9S _ 1 [ fsVy
== V/s 7 dA. (6.135)

For each individual computational cell n it follows that

S, _ fsVn
ot (O)Az’

(6.136)

Therefore, the variation in entropy at each time step can be computed as

fs VN At

Sk-l—l _ Sk _ 7 )
" " (0) Az

(6.137)
It follows that in the bulk, where the driving force is zero, we still have the
adiabatic process

Skl _ gk — . (6.138)
If we take into account the latent heat, the entropy variation becomes

(fS + LtT)VNAt

Sk+1 _ Sk _ -
" " () Az

(6.139)
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The corresponding heat supply reads

én fs VN At

_ g (qk+1 _ gky _

(6.140)

From another side the same heat supply is connected with the temperature
variation by

Qn = Cn(B5T —67). (6.141)

Consequently, we can calculate the temperature variation in terms of the
driving force and the velocity of the discontinuity

g1 _ gk — On(fs + L)V At

" Cn(0)Ax

(6.142)

However, we have the possibility to determine only the value of the ho-
mothermal part of the driving force fy whereas in the last expression we
need to know the value of the total driving force fs. As we remember,

fu=10S), fs=[S)0), f=65. (6.143)
Therefore, the correspondence between fs and fi is the following:
- | f - 1 . 1
fs = (0)[S] = (0) 7= (0) fu 7)1 (@) (f) 7l (6.144)
The final expression for the temperature field calculation becomes

éﬁ“—éﬁ_%<m<%>+m B_} +%>. (6.145)

It should be noted that temperature in the considered adiabatic case re-
mains unchanged if the velocity of the discontinuity is zero.

6.5 Numerical simulations

The numerical procedure is the same as previously. This means that in
addition to calculations by the wave-propagation algorithm in terms of
excess quantities, a cellular automaton is used for the front motion due to
the fixed grid. The phase state is moved to the next grid point only if the
virtual displacement of the front is larger than the value of the space step.
The temperature field is calculated as described in the previous section.
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Load

Martensite Austenite

Fig. 6.13 One-dimensional front propagation in a bar.

6.5.1 Pulse loading

We consider a Ni-Ti bar subjected to a pulse loading. The geometry of
the problem is shown in Fig. 6.13. The pulse loading is applied at the left
boundary of the bar, the right boundary being fixed. The time history of
the loading is presented in Fig. 6.14.
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Fig. 6.14 Time history of pulse loading.

The amplitude of the loading was chosen to overcome the critical value
of the driving force. Material properties for Ni-Ti SMA were extracted from
the paper by McKelvey and Ritchie (2000). Simulations were performed
for a bar of a length 18 cm at the temperature 22 °C. The Young’s moduli
are 62 GPa and 22 GPa for austenite and martensite phases, respectively,
Poisson’s ratio is the same for both phases and is equal to 0.33, the density
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Fig. 6.15 Pulse shape at 212 us.

for both phases is 6450 kg/m?, the value of the transformation strain under
uniaxial tension is 3.3 %. The initial location of the phase boundary was
chosen at 400 space steps.

The goal of the simulation is to analyze the phase-transition front prop-
agation under the dynamic loading including heating effects due to the
entropy production at the moving phase boundary.

Snapshots of the pulse propagation at different time instants are shown
in Figs. 6.15 — 6.18, where isothermal and adiabatic cases are presented
simultaneously. As one can see, the overall behavior of the pulse in the
adiabatic case is similar to that in the isothermal case [Berezovski and
Maugin (2005b)]. However, the influence of latent heat leads to an increase
of the transformation stress. If the effect of latent heat is not taken into
account, there is almost no distinction in the pulse behavior in isothermal
and in adiabatic cases.

6.5.2 Temperature distribution

The difference in the behavior of the pulse follows from the temperature
variation, snapshots of which are shown in Figs. 6.19 — 6.22 for the cor-
responding time instants. The temperature variation in the adiabatic case
without latent heat influence is only about 2 °C, while the latent heat pro-
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Fig. 6.17 Pulse shape at 424 us.

vides an increase of the temperature for approximately 25 °C. The value of
the latent heat for Ni-Ti was chosen as Ly, = 8.5 x 107 J/m? [Messner and
Werner (2003)], and the specific heat capacity ¢, = 500 J/kgK [Vitiello,
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Fig. 6.18 Pulse shape at 530 us.

Giorleo and Morace (2005)]. This means that the heating due to the en-
tropy production at the moving phase boundary is much smaller than the
heating due to the latent heat release in the considered Ni-Ti shape-memory
alloy.

The location of the phase boundary corresponds to the right edge of the
non-zero temperature in Figs. 6.19 - 6.22.

6.5.3 Kinetic behavior

The temperature variation affects also the kinetic behavior of the phase
boundary. This is illustrated in Fig. 6.23, where the velocity of the phase
boundary versus the driving force is presented.

Values of the velocity of the phase boundary are calculated at each time
step by means of Eq. (6.122) and then normalized with respect to the value
of sound velocity in austenite. The corresponding driving force fy (6.103)
is computed using relations for the free energy density (6.86) and (6.87) for
martensitic and austenitic phases, respectively.

It should be noted that the initial kinetic behavior both with and with-
out latent heat influence is the same, because there is no initial temperature
variation. After the beginning of heating due to the entropy production
at the moving phase boundary, the influence of latent heat results in the
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Fig. 6.19 Temperature distributions at 212 us.
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Fig. 6.20 Temperature distributions at 318 us.

kinetic behavior of the phase boundary from its adiabatic

curve without latent heat influence. Further the kinetic curves remain dif-

ferent.
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Fig. 6.22 Temperature distributions at 530 us.

Small values of the velocity of the phase boundary at the kinetic curve
with the latent heat influence correspond to late stages of the process,
when the driving force decreases following the diminishing of the pulse
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Fig. 6.23 Kinetic relations.

loading. This means that zero value of the velocity of the phase boundary
at the curve with the latent heat influence relates to the end of the phase
transformation process, but not to its beginning.

6.6 Concluding remarks

The influence of temperature variation on the propagation of martensitic
phase-transition front is studied on the example of one-dimensional impact
problem for a Ni-Ti bar. The adiabatic description is chosen since the
heat conduction is insignificant because of rapid loading. The presented
theory generalizes the isothermal description presented before [Berezovski
and Maugin (2005b)].

In the considered adiabatic formulation, the excess stresses needed for
numerical calculations are determined in the same way as in the isother-
mal case. The local equilibrium jump relations provide the possibility to
establish a kinetic relation taking into account the temperature variation.
The corresponding initiation criterion of phase transformation is also more
general than that in the isothermal case.

Both the kinetic relation and the initiation criterion are derived under
assumption of the continuity of excess stresses at the phase boundary. This
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assumption can be a subject of generalization. The choice of the constant
fo, which leads to the elimination of the influence of the transformation
strain on the critical value of the driving force, can also be changed to
follow experimental data.

Numerical simulations of the phase-transition front propagation in Ni-
Ti bar show that the entropy production at the moving phase boundary
and latent heat release provide two different contributions in the temper-
ature variation. The latter leads to distinct kinetic behaviors of the phase
boundary depending on the latent heat release.



Chapter 7

Two-Dimensional Elastic Waves in
Inhomogeneous Media

The use of simplified one-dimensional models should always be accompa-
nied by questions about the accuracy of geometrical assumptions. On the
other hand, the more complicated geometry of two- and three-dimensional
models clearly needs more sophisticated numerical algorithms and surely
much larger computational capacities. In this chapter we start analysis of
two-dimensional problems from presenting a stable algorithm for numerical
calculations and demonstrate its effectiveness with several examples.

A common approach when solving multi-dimensional hyperbolic prob-
lems is to apply dimensional splitting [LeVeque (2002a)]. The idea is to
iterate on one-dimensional problems. However, it is well known that dimen-
sional splitting has several disadvantages. Since the strategy only involves
flow in the coordinate directions, the solution is affected by the grid ori-
entation. Discontinuities travelling obliquely to the grid experience more
smearing than those travelling in the coordinate directions.

In unsplit methods, information is propagated in a multi-dimensional
way. The modification of the unsplit scheme [LeVeque (1997)] is applied
below. One-dimensional Riemann problems are solved at the interfaces.
The left-going and right-going waves are split into parts propagating in the
transverse direction by solving Riemann problems in coordinate directions
tangential to the interfaces. This models cross-derivative terms necessary
for obtaining both a stable and formally second order scheme. The same
numerical scheme is applied for wave and front propagation.

127
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7.1 Governing equations

The governing equations of inhomogeneous linear isotropic elasticity can be
represented by
8% - 80’17'

601-]4 - % 3 a’UZ‘ (%j
S = A5 + () ( 5ot a@) . (7.2)

If we divide the body in a finite number of identical elements of elementary
volume AV and boundary OAV, the integration over the finite volume
element of Egs. (7.1) - (7.2) and of the definition of the strain rate yields
the following set of integral forms:

2 povidV :/ O'ijnjdA, (73)
ot Jav DAV
0
- EijdV = hz-jknde, (7.4)
ot Jav AV

0

& O'ijdv = (Q[Lhijknk + )\5ijvknk)dA + @ij, (75)

AV OAV

where ;i = 1/2(0;5v;+0;,v;), n; is the unit outward normal to the bound-
ary of a discrete element, and source terms due to material inhomogeneities
are given by

O\ ou ou
nh = — ——6ij + v; dv. 7.6
(plj /AV ( 8 J T Ui 8 + 78I1> ( )

7.1.1 Averaged quantities

Introducing averaged quantities at each time step

1 1
V; = —— i dV, Eis = —— i dV, 7.7
v AV /AVU E] AV AVEJ ( )

1

=y /. cudV, (7.8)

Oij

and numerical fluxes at the boundaries of each element
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1 ti+1
‘FZH ~ E ‘/tl Uij'BAV dlf, (79)

1 ti41
Gijk ~ E/ (Z;Lhijk + Aéijvk”BAV dt, (710)
t

we are able to write a finite volume numerical scheme for Eqs. (7.3), (7.5)
for a uniform grid of homogeneous elements in the form

At

(0% = (@)} = R (F) + (). (r.1)
and
@) = (0)! = e (G + (G30). (12)

where [ denotes time steps and superscripts ”in” and ”"out” denote inflow
and outflow parts in the flux decomposition.

The main difficulty in the construction of a numerical scheme is the
proper determination of the numerical fluxes [LeVeque (2002a)]. Since nu-
merical simulations are performed for the two-dimensional case, we consider
this case in more detail.

7.1.2 Conservation law

In two space dimensions, the system of equations for linear elasticity in an
inhomogeneous medium, i.e.,

81)1 - 80’11 80’12

PG = e Ty (7.13)

’ (x’y)% - 8(;;1 8(;;2’ (7.14)

8;11 = (M@ y) +20)(=, y)% + Az, y)%, (7.15)
ag? - ’\(””79)% + (M@, ) + 2p(z, y))%—?, (7.16)
% = agil = puz,y) (%—21 + %) : (7.17)
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can also be represented in the matrix form

dq dq dq
2 _ A 2.4 B 1
2 (z,y) 5 T (z,y) o
where
011
J12
q=102/|,
v
Vo
i 0 0 O—A($,y)—2u((b,y) 0
0 0 0 0 —u(@,y)
0 0 0 —Az,y) 0
— 1
A - 0 0 0 0
p(x,y)
1
A 0 0 0
L p(x,y)
[0 0 0 0 =z, y)
0 0 0 —plz,y) 0
0 0 0 0 —/\((E,y) - 2/1’($7y)
— 1
B 0— 0 0 0
p(x,y)
1
o 0 - 0 0
L p(x,y)

(7.18)

(7.19)

(7.20)

(7.21)

The wave-propagation algorithm for the solution of these equations is based

on solving Riemann problems at the interface between grid cells to deter-

mine the flux decomposition [LeVeque (1997)]. The fluctuations arising

from Riemann problems in the z- and y-directions, respectively, are deter-

mined exactly by means of eigenvalues and eigenvectors of matrices A and

B [LeVeque (1997)].

7.2 Fluctuation splitting

The space coordinates are discretized with uniform spacing Az and Ay. We

assume that the cell (i) has constant (or averaged) material parameters
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Pij, Aij, and p;; and set local matrices A;; and B;j, where coefficients
depend on the state of the cell (ij).
For all ij, the eigenvalues of the matrix A;; are the following

ozz(-;) = —cpij, ozz(-?) = cpij, al(?) = —Cgijs ozz(-j‘) = Cgij, & (< =0, (7.22)

where cgij = \/pij/pij and cpij = \/(Nij + 2p45)/ pij-
Corresponding eigenvectors can be written as follows

Cpij —Cpij
0 0
Tl(Jl) = )\ij/PijCPij 5 Tz(_]2) = —)\ij/PijCPij 5 (723)
1/pij 1/pij
0 0
0 0 0
Csij —CSij 0
3 _ (4) _ (5) _
z] 0 ) Tij - 0 ) Tij — 1 (724)
0 0 0
1/pij 1/pij 0

The fluctuations between states g;—1 ; and g;; consist of five waves, but one
of them always has a zero speed and can be ignored [LeVeque (1997)]

A7 Agyy = —epia vy 1y = esic ) 1, (7.25)
-AJrAqij _ CPij'Yi(]?) l( )+ c 137(4) (4)' (7.26)

The coefficients ”yl(j ) are determined by the exact solution of the correspond-

ing Riemann problem

<0Pi1j + CPij) (1)
B | Ty

Pij Pi—-13j
(7.27)
(@11)ij — (G11)i—1; _ _
= ( ’ - <+ cpij [(01)i — (01)i—14] | »
Pij
(CPi-—-lj " C.Pij-) 71'(;'2)
Pij Pi—13j
(7.28)

_ (_ (011)ij — (011)i=1

Pi—1j

+cpi—1j[(01)i — (51)i1j]> ;
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(CSi—lj L Csii )7_(3)
Pij Pi—1j "

(7.29)
(G12)ij — (G12)i-1 _ _
= < : . T+ csij [(02)ij — (U2)i-14] |,
Pij
(s )
Pij Pi—1j
(7.30)

_ (_ (012)ij — (F12)i-1

i1, + esi—1; [(V2)ij — (U2)i—1j]> .

Accordingly, the eigenvalues of the matrix B;; have the values

ﬁi(;) = —cpij, B = cpij, 51-(;) = —csij, B = csiy, B =0, (7.31)

with corresponding eigenvectors

Aij/pijcpij —\ij/ pijcpij
0 0
51('31‘) = Cpij ) Sg) = —Cpij , (7.32)
0 0
1/pij 1/pij
0 0 1
CSij —CSij 0
s o |, sP=1 0 |, sP=]o (7.33)
1/pij 1/pij 0
0 0 0

The fluctuations between states ¢; j—1 and ¢;; are determined similarly

B Agi; = —cpij10y) 850 — Csigo10y) s\, (7.34)
2 2 4 4
3+Aqij = Cpij5§j ) Sz('j) + CSij(SZ(j) Sz(’j)’ (735)

where coefficients 51(; ) are determined as follows



Two-Dimensional Elastic Waves in Inhomogeneous Media 133

<0Pij1 + CPij )5§;)

Pij Pij—1
(7.36)
(G22)i5 — (F22)i j—1 _ _
_< T 4 cpij [(B2)ij — (D2)i1] )
Pij
(CPij—l n Cpij )555)
Pij Pij—1
(7.37)
022)ij — (022)ij— _ i
— (_( 22) J ( 22) j—1 —|—CP’L'j71 [(’02)” — (UQ)ij1]> s
Pij—1
(CSij—l n Csij )51%3)
Pij Pij—1
(7.38)
(G12)i5 — (G12)ij—1 _ _
:< T——=— + s [(01)i5 — (01)ij-1] )
Pij
(CSijl n Csij )551)
Pij Pij—1
(7.39)

= (_ (012)ijp:j(0112)”_1 +esij-1[(01)ij — (Ul)ij—1]> :

The construction of the wave-propagation algorithm begins with establish-
ing the first-order Godunov scheme in terms of these fluctuations.

7.3 First-order Godunov scheme

The extension of the first-order Godunov scheme to two space dimensions
has the following form [LeVeque (1997)]

_ At _ At _
- = E(AJFA% + A7 AGi415) — A_y(B+AQij +BTAG j+1)-
(7.40)

The fluctuations arising from Riemann problems in the z- and y-directions,
respectively, can be represented in terms of waves

A Agij = Za<p W AT Ag =Y oYW (7.41)
p=1
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B Ag; = Z 51-(;7_)10(1)7),

p=1

3+Aqij = Z ﬂi(f-’_)w(“).

p=1

(7.42)

Here W® and w® are horizontal and vertical waves corresponding to the
local Riemann problem, superscripts “+” and “—” denoting positive and
negative eigenvalues.

As in the one-dimensional case (Egs. (4.56) and (4.57)), this algo-

rithm can be rewritten in terms of excess quantities [Berezovski and Maugin

(2001)]

_ K _
()5 = ()5

At 1 Atl

(7.43)

= 2o [Chl = @]+ 5= [k - (Ga)k),
(B2) ™ — (025 |
At 1 _ At 1 B (7.44
Az o [(Z5)5 — (Ca0)i] + N [(EH)5 - )],
1] Pij
(G1)5™ = (311)3 )
At _ At B 7.45
= E()\ij + 2Nij) [(VlJlr)fj - (Vll)m + A_y)‘ij [(Vzg)fg - (V22)m )
(G12)5™ = (312)1;
At _ At ~ (7.46)
= Elﬁj [(V;lr)fg - (Vor )f;] + A_yﬂij [(‘/lg)fg - (V12)fj] )
(G22)5™" — (522)F;
At _ At _ (7.47)
= E)‘ij [(VlJlr)fj - (Vll)m + A_y()‘ij + 2Nij) [(Vzg)fg - (V22)m )
where the values of excess quantities are calculated as follows
(1) (2)
Yi+1 — 71
Vil =20 (k= ——L, (7.48)
Pij Pij
s 5@
(Ve = =12, (V)ly = -, (7.49)
Pij Pij
(3) (4)
Yit1j _ Yij
Vol = ==L, ()l = ——%, (7.50)
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IS 5@
Vb ===, (Vi) = ——L, (7.51)
Pij Pij
1 — 2
(E-li_l)?j = CPij”Yi(Jr)ljv (211)% = CPij”Yi(j)a (7.52)
3 4
(231)% = CSij”Yz‘(+)1jv (221)]C CSw%(J)v (7.53)
3 - 4
(EB)% = cSijéz(j)Jrlv (212)% = cSijéz(j)7 (7-54)
1 - 2
(S5l = cpiydiidn,  (SR)f = cpyol). (7.55)

Godunov’s method (7.40) is extended to a high resolution method by adding
correction terms [LeVeque (1997)]. The form of the extended method is

_ _ wp At = At

qzk;rl - qu Az_]p - E(Elirlj Fz];) A (ngJrl ij)v (756)
where Afjp is the update for a first-order upwind Godunov method (right-
hand side of Eq. (7.40)). The second-order correction terms can be repre-
sented in terms of waves [LeVeque (1997)] by

Z )] < | <p>|> (757)

- Z 91 (1= Se161) wl?. (7.5

and provide second-order accuracy. The obtained algorithm is a variant of
the well-known Lax-Wendroff method [Lax and Wendroff (1964)].

The above described Godunov method is based on propagating waves
normal to each cell interface. In reality the waves should propagate in
a multi-dimensional manner and affect other cell averages besides those
adjacent to the interface.

7.4 Transverse propagation

7.4.1 Vertical transverse propagation

The multidimensional motion is accomplished by splitting each fluctuation
A*Ag;; into two transverse fluctuations, which will be called B+ A*Ag;;
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(the up-going transverse fluctuation) and B~ A*Ag;; (the down-going trans-
verse fluctuation) [LeVeque (1997)] and such that

B-A"Agi; = —cpijo1(BD)5; st — esijm (B s, (7.59)

BYA~Agi; = cpij (B35 580 + sy (W) L, (7.60)
B-A" Aqij = —cpij- 1(5(1 ):; 1(_1]) 17 CSiy (5(3 )U z?;) 1s (7.61)
BHATAgi; = cpiy(BP)F 812 + csiy (BO)F 500, (7.62)

where the coefficients are calculated algebraically by means of the same
values of coefficients 71(; ). which are obtained in the solution of the corre-
sponding Riemann problems:

Cpij—1 Cpij —
(e, oo ) g

P P (7.63)
_ (_ C$i-1jCPij (3) _ Ai—1j (;))
Pi—1j 7 pi—1jpij " 7
(CPu 1 CPij )(5(2))“
ij
Pig Pt (7.64)
( CSi—1;CPij— 17(3) )\iflj 7(1))
Pi—1j Y picijpij—1 )
<cs” 1, Csij >(5(3))~
ij
Pij Pij—1 (765)
< CSi— IJCSZ 15 (3)_ CpPi—1;CSij (1))
Y pi-ij )
CSij—1 CSij _
< Ji— o > (6(4))1'3‘
Pij pz] 1 (7 66)
<051 15CSi—1j (3) CPileSijlpyg))
Pij—1 & Pi-1j EA
Cpij—1 CPij
<+ + —J) (BOY5
Pij Pij—1 (7 67)

_(¢sijcpij (1) Aij (2
- — iy T ij )
Pij PijPij
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CPij—1 Cpij )(6(2))+
ij

< Pij ng 1

(7.68)
CS’LJ CP'LJ 1 (4) )\1 j (2)>
Vij Vi )
pz]ng 1
CSij—1 CSij 3
( =) (50
Pij ng—l (7 69)
( CSijCSij _(;_1) + CpijCSij %_(jz)) :
Pij
CSij—1 _Csij 4
(Gt g o) (oo
Pij ng 1 (7 70)
CSijCSij (4 CpPijCSij—1 (2
:( O8I \(8) | CPiCSis 71_(_))_
Pij—1 Pij

The total effect of vertical transverse propagation at the interface between
cells (i — 17) and (ij) is determined as follows

At
2Az
+B+‘A—Aqi+l j—1 + B_.A_AQH-I ]) :

G = (BATAG, + BTATAG,

(7.71)

7.4.2 Horizontal transverse propagation

Analogously, horizontal transverse fluctuations ATB*Ag;; (the right-going
transverse fluctuation), and A~ B*Ag;; (the left-going transverse fluctua-
tion) are determined by

ATB T Agij = —cPi,lj(oz(l));j Tﬁ)lj —cgi—1j(a (3))1] Tl( )137 (7.72)
ATB™Agi; = cPij(a@))U 1(]2) + cgij(att ));J rg;l), (7.73)
ATB*Agi; = —cpio1 (@)D = esia (@5 (774
ATBYAgy = cpij(@@)hr + csij(@)f . (7.75)

Corresponding coefficients are given by
Cpi—1j CPij > (1)\—
—+ =L ) (M)
( Pij Pi—1j (@)
- (_ CSij—1CPij 5(3) . )\ijfl 5(1))
- - (5] - g ’
Pij—1 Pij—1Pij

(7.76)
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The total effect of horizontal transverse propagation at the interface be-
tween cells (i 7 — 1) and (i7) is determined as follows
At
Fl =
I 2A
+ A E +p+ Ak

ABTAG L + ATBTAGE
( Qi j+1 i—1j+1 (7.84)
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The introduction of the transverse fluctuations improves the stability limit
up to Courant number 1. Transverse fluctuations are included in the algo-
rithm by

u At
di =l A - (Pl - B - 3 (Cha -G (189)

ij
where A is the update for the first-order upwind Godunov method, of
the form

u At
Az‘jp - A" qu+17+./l Agij) —

At
~ —(B"Agij41 + BT Agj). (7.86)

Ay
The whole algorithm is implemented in the form

At

At
Al

k41 k k ~k
qZJ+ = q;5 + A?Jp + A;‘T;ans - ‘Fz+1 j ‘sz) Ay (Gz]-i—l Gij)7 (787)
where Ajf is the update for the first-order upwind Godunov method, A7
represents the effect of transverse fluctuations are given by

At At
trans k k
A = ——(Fiq; — 1 ) — fy

Az ij (ijﬂ - ij)- (7.88)

It is well known that the Lax-Wendroff scheme produces oscillations be-
hind discontinuities [Liska and Wendroff (1998)]. The usual way to reduce
spurious oscillations is to introduce limiter functions to modify the second-
order corrections near discontinuities [LeVeque (2002a)]. Here, instead of
limiters, the recent idea of using filters that are consistent with differential
equations [Liska and Wendroff (1998)] is applied.

The corresponding composite scheme is obtained by application of the
Godunov step after each three second-order Lax-Wendroff steps.

7.4.3 Boundary conditions

Boundary conditions are specified in terms of bulk quantities for boundary
elements. For stress-free boundaries, the bulk stresses are set equal to zero.
The excess quantities are not specified at the outer boundaries.

7.5 Numerical tests

A number of simulations has been performed to estimate the correctness
and capabilities of the algorithm. They include, in particular, the following:
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Fig. 7.1 Contour plot of elastic wavefronts from a point source in a homogeneous
medium at 50 time steps.
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Fig. 7.2 Contour plot of elastic wavefronts from a point source in a homogeneous
medium at 150 time steps.

e Elastic wavefronts from a point source at the boundary of a homo-
geneous medium;

e Elastic wave propagation in a layered medium;

e Elastic wave in a medium with periodically distributed inclusions.

All calculations are performed by means of the composite Lax-Wendroff-
Godunov scheme with the Courant number equal to 1. Waves are excited by
the prescription of non-zero normal component of the stress tensor within
a finite aperture at the boundary for a short time.
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Fig. 7.3 Contour plot of elastic wavefronts from a point source in a homogeneous
medium at 250 time steps.
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Fig. 7.4 Contour plot of elastic wave propagation in a periodic medium at 10 time
steps.

As the first example, a short-time symmetrical excitation in the middle
of a boundary of a homogeneous rectangular domain by sinusoidal normal
stress is considered. All other boundaries are stress-free. Physical param-
eters for aluminium are used in the calculation: ¢, = 6420 m/s, ¢, = 3040
m/s, po = 2700 kg/m?.
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Fig. 7.5 Contour plot of elastic wave propagation in a periodic medium at 50 time
steps.
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Fig. 7.6 Contour plot of elastic wave propagation in a periodic medium at 100 time
steps.

Figures 7.1 - 7.3 represent snapshots of wavefronts after 50, 150, and
250 time steps, respectively, in terms of total displacement. These figures
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Fig. 7.7 Contour plot of elastic wave propagation in a periodic medium at 10 time
steps.

demonstrate clearly how dilatational and shear waves propagate and in-
teract with each other and with boundaries. It seems that the proposed
algorithm gives a good correspondence with the almost classical situation.

Figures 7.4 - 7.6 show snapshots of the propagation of elastic wave,
which is excited at a part of the bottom boundary with linear retardation,
in a layered medium (corresponding density difference is also shown). In
the inhomogeneous case, we need to prescribe additionally the physical
parameters for copper: ¢, = 4560 m/s, ¢, = 2600 m/s, py = 8960 kg/m?>.
These figures clearly capture the reflection and transmission of the wave
fronts at the interfaces. The pictures are asymmetric due to asymmetric
loading at the bottom boundary.

The next three figures represent an elastic wave propagation in a
medium (aluminium) with periodically distributed inclusions of another
material (copper). The symmetric structure of wave fronts is formed due
to the multiple reflections at the inclusions.
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Fig. 7.8 Contour plot of elastic wave propagation in a periodic medium at 50 time
steps.
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Fig. 7.9 Contour plot of elastic wave propagation in a periodic medium at 100 time
steps.
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7.6 Concluding remarks

The concept of excess quantities which was introduced for the thermody-
namic description of the non-equilibrium state of elements following the
thermodynamics of discrete systems is successfully used for the construc-
tion of a finite-volume numerical scheme for thermoelastic wave propagation
in inhomogeneous media. The excess quantities appeared naturally in the
integral balance laws for thermoelasticity; the laws serve as a basis for the
formulation of the finite volume algorithm. At the same time, these quanti-
ties can be easily placed in correspondence with the fluctuations that appear
in the formulation of the wave-propagation algorithm. This allows us to
transform the wave-propagation algorithm into a thermodynamically con-
sistent scheme using the idea of composition. The modification conserves
all advantages of the wave-propagation algorithm, namely, high resolution,
multidimensional motion, and stability up to a Courant number equal to
unity.

The local equilibrium jump relations for adjacent elements provide the
equivalence of the thermodynamic description at each level of refinement of
the mesh. Within the composite wave-propagation algorithm, every discon-
tinuity in parameters is taken into account by solving the Riemann problem
at each interface between elements.
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Chapter 8

Two-Dimensional Waves in
Functionally Graded Materials

In the one-dimensional example of wave propagation in FGM considered in
chapter 5, the variation of properties of material was continuous. Usually, to
solve elastic wave propagation in an FGM, the functionally graded medium
is replaced by a multi-layered medium with fine homogeneous [Bruck (2000);
Wang and Rokhlin (2004)] or inhomogeneous [Liu, Han and Lam (1999);
Han, Liu and Lam (2001)] layers.

In the case of dynamic loads, different models of FGM are analyzed by
Banks-Sills, Elasi and Berlin (2002). The analysis was carried out for the
case in which the microstructure was modeled by embedded particles, in
another case the gradation of the material was modeled by layers of different
volume fraction, and in the last model the material properties were taken
to vary continuously. It was concluded that all considered models produce
more or less similar results.

We will apply a similar approach to analyze different FGM models in the
case of propagation of two-dimensional stress waves in functionally graded
materials under impact loading.

8.1 Impact loading of a plate

Here we consider the two-dimensional problem of the impulsive loading of a
plate of thickness h and length L > h. The load is applied transversally at
the central region of the plate upper surface of width a (a < h) (Fig. 8.1).
The material of the plate is assumed to be compositionally graded along
the thickness direction. The gradation is described in terms of the volume
fraction of a ceramic reinforcing phase within a metal matrix. Following
Li, Ramesh and Chin (2001), the three different timescales of the problem

147
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i

L
Fig. 8.1 The geometry of the problem.

can be introduced:
, to, (8.1)

where cy is the speed of the fastest longitudinal wave, and ¢, is the shortest
rise time, corresponding to the applied loading. Since L > h, it follows that
to < tp, so that the lateral boundaries of the plate are not actually involved
in the calculations. As pointed out by Li, Ramesh and Chin (2001), if a
volume fraction parameter alone is to be used to describe the gradation,
then one must have ¢, > d, /cs, where d, is the reinforcement dimension.

We focus our attention on the case of dynamic loading of a plate where
the wavelength of loading pulse is comparable with the plate thickness.
This means that the wavelength is much larger than the size of inclusions
and the distance of wave travel is relatively small.

Both metal and ceramics are assumed to behave as linear isotropic elas-
tic media. In such a case, the governing equations of the problem can be
represented in a form that is suitable for numerical simulations [Berezovski,
Engelbrecht, and Maugin (2000); Berezovski and Maugin (2001)] - see Egs.
(7.1) - (7.2):

(9’Ui - 601-]4
801'3' - 8'Uk B (9’01- (?vj
52— ) s+ ) (G 52 (83)

where, as previously, v; are components of the velocity vector, o;; is the
Cauchy stress tensor, pg is the density, A and p are the Lamé coefficients,
di; is the Kronecker delta. The indicated explicit dependence on the point
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x means that the body is materially inhomogeneous in general, i.e. the
properties of graded materials are reflected in p(x), A\(x), and p(x).

Assuming that the plate is at rest for ¢t < 0, system of Egs. (8.2), (8.3)
must be solved under the following initial conditions:

u;(x,0) =0, 0i;(x,0) = 0. (8.4)
The upper surface of the plate is subjected to a stress pulse given by
o92(x,0,t) = ogsin®(w(t — 2t,.)/2t,),
—a/2 <z <al2, 0<t<2.
Other parts of upper and bottom surfaces are stress-free, and lateral bound-
aries are assumed to be fixed.

The problem (8.2)-(8.5) is solved numerically with distributions of ma-
terial properties corresponding to the multi-layered model of metal-ceramic

(8.5)

composite with averaged properties within layers and to the model of ran-
domly embedded ceramic particles in a metal matrix with a prescribed vol-
ume fraction. The idea of direct numerical simulation of FGMs by means
of regular [Banks-Sills, Elasi and Berlin (2002)] or random [Leggoe et al.
(1998)] particle distribution is not a new one: it allows us to analyze the in-
fluence of shape and aspect ratio of particles on the FGM behaviour [Li and
Ramesh (1998)]. Our goal is simply to show the differences in dynamical
behavior of FGMs by using distinct models.

8.2 Material properties

In order to compute the overall strain/stress distributions in FGMs, one
needs the appropriate estimates for properties of the graded layer, such
as the Young’s modulus, Poisson’s ratio, etc. A large number of papers
on the prediction of material properties of FGMs has been published (see,
for example, [Gasik (1998); Cho and Oden (2000); Cho and Ha (2001)]).
In most of these studies the averaging methods have been used which are
simple and convenient to predict the overall thermomechanical response and
properties. However, owing to the assumed simplifications, the validity of
simplified models in real FGMs is affected by the corresponding detailed
microstructure and other conditions. Still, the averaging methods may be
selectively applied to FGMs subjected to both uniform and non-uniform
overall loads with a reasonable degree of confidence.

Our main goal is to compare two distinct models of FGMs: (i) a multi-
layered model of a metal-ceramic composite with averaged properties within
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Fig. 8.2 Density distribution in metal-ceramic composite with ceramic reinforcement
corresponding to the multilayered model with averaged properties within layers: a) uni-
form density, b) layered, c¢) continuously graded (high f front), d) continuously graded
(low f front)(after [Li, Ramesh and Chin (2001)]).

each layer and (ii) a model of the same composite with randomly embedded
ceramic particles in a metal matrix. For this purpose, it is sufficient to em-
ploy the linear rule of mixtures for the Young’s modulus and Poisson’s ratio
of the graded layer in the multi-layered model of metal-ceramic composite
with averaged properties within layers.

According to the linear rule of mixtures, the simplest estimate of any
material property, a property P(x) at a point x in two-phase metal-ceramic
materials is approximated by a linear combination of volume fractions V,,
and V. and individual material properties of metal and ceramic constituents
P, and P.:

P(x) = P, Vin(x) + P.Ve(x). (8.6)

The same individual material properties without any averaging are used in
the model of the composite with randomly embedded ceramic particles in
a metal matrix.
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Fig. 8.3 Random particle distribution in metal-ceramic composite with ceramic rein-
forcement: e) uniform density, f) layered, g) graded (high f front), h) graded (low f
front).

8.3 Numerical simulations

The above-described composite wave-propagation algorithm is applied to
compare the models of discrete layers with averaging the material properties
and of randomly embedded ceramic particles in a metal matrix.

To that purpose, four possible forms of the ceramic particulate rein-
forcement volume fraction variation along the thickness are considered in
the case of the multi-layered model with averaged properties within layers:
uniform, layered, and graded with two different distributions of volume
fraction f =V, (Fig. 8.2), where the elastic properties of the metal matrix
and ceramic reinforcement are the following [Li, Ramesh and Chin (2001)]:
Young’s modulus 70 GPa and 420 GPa, Poisson’s ratio 0.3 and 0.17, and
density 2800 kg/m?® and 3100 kg/m?, respectively. These structures are
referred to as Cases A, B, C and D by Li, Ramesh and Chin (2001) in the
axisymmetric case. Simultaneously, the same structures are represented
by randomly embedded ceramic particles with the corresponding volume
fraction (Fig. 8.3).

The same algorithm is applied for the numerical simulation of stress
wave propagation in both models. In the computation, 98 elements are
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used in the thickness direction, so that the reinforcement dimension is as
long as 250 pum. The rise time ¢, for the loading was chosen as 0.75 us.
This satisfies the condition ¢, > d,/cy, because the speed of the fastest
longitudinal wave is equal to 11877 m/s corresponding to the data by Li,
Ramesh and Chin (2001).
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Fig. 8.4 Wavefronts in metal-ceramic composite with ceramic reinforcement (multilay-
ered model) at 3 ps: a) uniform density, b) layered, ¢) continuously graded (high f
front), d) continuously graded (low f front).

Typical examples of contour plots showing the full displacement fields
are presented in Figs. 8.4 and 8.5 for the same density distribution in
different models. Computations have been performed under the same con-
ditions for distinct models of the same FGM: L=49 mm, h=24.5 mm,
a=12.25mm, o0¢p=125MPa.

The difference in the propagation speed of stress wave is clearly seen
whereas the particle volume fraction was distributed similarly in both mod-
els. In addition, we have the distortion of the symmetrical shape of the
wavefronts in the model with randomly embedded particles due to random
particle distribution. The difference in the propagation speed of stress wave
is clearly seen whereas the particle volume fraction was distributed simi-
larly in both models. In addition, we have the distortion of the symmetrical
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shape of the wavefronts in the model with randomly embedded particles due
to random particle distribution.
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Fig. 8.5 Wavefronts in metal-ceramic composite with ceramic reinforcement (randomly
embedded particles) at 3 ps: e) uniform density, ) layered, g) continuously graded (high
f front), h) continuously graded (low f front).

One of the issues of interest in the use of layered or graded structures,
for example, for armour applications was formulated by Li, Ramesh and
Chin (2001) as follows: What is the effect of the layering or gradation
on maxima of stresses and their distributions? This is important in order
to optimize the structure relative to integrity under dynamic loading. In
an attempt to answer the formulated question, let us consider the normal
stress distribution along the centreline of the plate where maximal values
of stress are expected.

8.4 Centreline stress distribution

The normal stress distribution along the centreline for the multi-layered
model with averaged properties within layers is shown in Fig. 8.6. Since the
results are given at the same instant of time, the difference in the position
of normal stress profiles characterizes the corresponding difference in the
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Fig. 8.6 Normal stress distribution along the centerline in metal-ceramic composite

with ceramic reinforcement at 3 ps (multilayered model with averaged properties within

layers).

speed of the stress wave in each structure in full accordance with the mean
volume fraction of ceramic particles in each structure (0.360 for the uniform
distribution, 0.226 for the layered case, 0.475 for the high f front, and 0.120
for the low f front). Obviously the alternating layering (case b) results in
the decrease of the amplitude and of the transmitted wave compared with
the homogenized case (a). The maximal tensile stresses are considerably
higher for the layered case. Continuous grading yields the following (see
Fig. 8.2). There is no significant differences in maximal amplitudes between
the high and low f front grading (cases ¢, d) but there is a large difference
in speeds. This effect is due to the material properties of the corresponding
ceramic reinforcement.

The huge tensile stresses in the layered material due to the reflection
through the structure dictates its rejection in order to provide the improve-
ment of the integrity of the structure under dynamic loading.

The situation is slightly changed for the model of randomly embedded
particles (Fig. 8.7). Here the difference in the speed of propagation of the
stress waves in distinct structures is much less while the difference in their
amplitudes became higher. Due to the high percentage of ceramic reinforce-
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Fig. 8.7 Normal stress distribution along the centerline in metal-ceramic composite
with ceramic reinforcement at 3 ps (model with randomly embedded particles).

ment in case ¢), the speed of the longitudinal wave keeps the highest value
in all the calculated cases. The amplitude of the tensile stresses decreases
significantly, especially for uniform and low f front grading (cases e) and
h)). It seems that the latter structure (case h)) is the best choice for the
damping of both the compressional and tensile stresses. This result is not
so obvious in the case of the multilayered model with averaged properties

within layers.

8.5 Wave interaction with functionally graded inclusion

Another example of differences in wave propagation in FGM represented
by distinct models is given by the numerical simulation of wave interaction
with a functionally graded inclusion. Density gradation in the circular
inclusion is assumed to be Gaussian and represented by different models
(Fig. 8.8):

e random distribution of embedded ceramic particles;
e multilayered medium;
e continuously changing density.
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Fig. 8.8 Density gradation in inclusion represented by particles, layers, and continuously
changing structure.

Material properties of pure metal (Al 6061-TO) and pure ceramics (TiC)
are presented in Table 8.1 [Banks-Sills, Elasi and Berlin (2002)].

Table 8.1 Properties of materials.
Material E (GPa) v p (kg/m?)
TiC 480 0.20 4920
Al 6061-TO 69 0.33 2700

In all cases a constant stress loading is applied at the right boundary.
The left boundary is fixed. Other boundaries are stress-free (Fig. 8.9).

Stress, GPa

Fig. 8.9 Initial stress distribution.

It should be noted that in the homogeneous case the longitudinal stress
distribution restores its shape after every four reflections from the left and
right boundaries of the specimen.
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Numerical simulations have been performed using the different FGM
models by means of the finite volume algorithm described above. Results of
simulations are represented in terms of the longitudinal stress distribution
at different time instances.

Figure 8.10 shows the stress distribution at 1 ps computed by using
different models of FGM.

As we can see, the stress distribution corresponding to the model of
randomly embedded particles (upper part of the figure) differs from the
stress distribution in the multilayered medium (middle part) and even more
so from the continuously changing case (bottom part of the figure) at this
time instant.

However, continuation of computations leads to more or less similar
stress distributions for sufficiently large time duration. This is illustrated
by Fig. 8.11. This means that different models of FGM may give similar
results for steady-state (or quasi-static) situations, but the results can be
essentially different for short time dynamics.

8.6 Concluding remarks

Theoretical prediction of dynamic behavior of FGMs depends on how well
their properties are modeled in computer simulations. While many averag-
ing models of the properties of FGMs are widely accepted, a more natural
model of a matrix with randomly embedded particles is seldom used be-
cause of numerical difficulties in the case of rapidly-varying properties of
the medium. This difficulty is overcome here by using the wave-propagation
algorithm [LeVeque (1997)] and its modifications [Berezovski, Engelbrecht,
and Maugin (2000); Berezovski and Maugin (2001)]. Within the composite
wave-propagation algorithm, every discontinuity in parameters is taken into
account by solving the Riemann problem at each interface between discrete
elements. The reflection and transmission of waves at each interface are
handled automatically for the considered inhomogeneous media.

The results of performed numerical simulations of stress wave propaga-
tion in FGMs show a significant difference between characteristics of wave
fields in the models of discrete layers with averaging the material proper-
ties and of randomly embedded ceramic particles in a metal matrix. This
means that a model of FGM without averaging of material properties can
give a more detailed information about the dynamic behavior of a chosen
structure, which may be used in its optimization for a particular situation.
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Fig. 8.11 Stress distribution at 5 pus, a) random particles, b) layered, c) continuous
gradation.
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It should be noted that the size, the shape, the clustering, and inhomo-
geneities in the random distribution of embedded reinforcement particles
may affect the results of simulation in each particular case. Nevertheless,
at least some of the mentioned effects can be easily taken into account by
means of the developed numerical scheme.



Chapter 9

Phase Transitions Fronts in Two
Dimensions

Here we extend the one-dimensional considerations concerning phase-
transition front propagation (see chapter 6) to a two-dimensional case. The
main question here is how to describe the kinematics of the phase boundary.

9.1 Material velocity at the phase boundary

We recall the results from chapter 6. The material velocity at the phase
boundary can be determined by means of jump relation for linear momen-
tum (4.15)

VN[pQ'Di] =+ Nj[a'ij] =0. (91)

Using the kinematic relationship between material and physical velocities
[Maugin (1995)]
v=-F-V, (9.2)

we can represent the jump relation for the linear momentum (9.1) in terms
of components

~Tilooh | 52| (7 + foul 0. 93)

In the two-dimensional case, four equations yield
~iton) (| 52| o+ |52 o)) +oul =0 0
~alpo) (|52 () + |52 @) ) +oml =0 09
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_ a’ﬁ2 — (917,2 = —
-V — | (V] — | (V& =0 9.6
) (|52 + |52 ) 4 loal =0, 00)
— Ots — 0o — _ .
—Va(po) <[6—$1} ) + {3—562] <V2>> + [022] = 0. (9.7)
The sum of the first and fourth of these equations gives
—<p0> ([511] V12 +2 [512] Vﬂ_/g + [&:22] ‘722) + [511 + 522] =0, (9.8)

whereas from the second and third equations we have

—(po)ViVa ([En] V2 + 2 [E12) ViVa + [E22) Vi) + (V2 + V5)[612] = 0. (9.9)

It follows from Eqs. (9.8) and (9.9) that

ViValo11 + G22) = (V2 + Vi) [012]. (9.10)

Similar consideration with subtraction of corresponding equations provides
the equation

ViVa[o11 — 6] = (Vi = Vi) [0l (9.11)
which can be reduced to a simpler relation
Vi [o22] = Vi o). (9.12)

Substituting relations (9.10) and (9.12) into Eq. (9.8), we can determine
the components of the material velocity at the phase boundary as

72 _ [011 + T22][011]
PV = ] + 2Ewllow] + Exllow] (919

(011 + G22][F22]

orVy = [E11][011] + 2[E12][012] + [E22][022]

(9.14)

Just these expressions for the velocity components has been used in the
numerical simulations.
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Fig. 9.1 Phase-transition front propagation under non-plane wave impact: solid line -

initial phase boundary position, dashed line - phase boundary position after interaction,
grid: 100 x 100 elements.
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Fig. 9.2 Phase-transition front position under non-plane wave impact at 100 time steps:
solid line - 100 x 100 elements grid, dashed line - 200 x 200 elements grid, dotted line -
400 x 400 elements grid.

9.2 Numerical procedure

The applied numerical scheme has been described in detail in chapter
7. This is the wave-propagation algorithm in terms of excess quantities.
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The use of excess quantities allows us to extend the applicability of the
wave-propagation algorithm to the computations of moving discontinuities.
Namely, at the phase boundary, the continuity of normal components of
excess quantities is applied, as it was already done in the one-dimensional
case. Then the driving forces are computed in vertical and horizontal di-
rections. If the value of the driving force overcomes its critical value, a
virtual displacement of the front is calculated by means of the velocities of
the front, indicated in the previous section. If the (algebraic) sum of these
virtual displacements is larger than the size of the computational cell, the
state of the latter is changed from austenite to martensite. Remaining part
of calculations is the same as in the case of wave propagation.

9.3 Interaction of a non-plane wave with phase boundary

The first example of the two-dimensional simulations is similar to that con-
sidered in chapter 6. The geometry of the problem is shown in Fig. 9.1. The
pulse loading is applied at a part of the left boundary of the computation
domain by prescribing a time variation of a component of the stress tensor.
The problem becomes two-dimensional. Upper and bottom boundaries are
stress-free, the right boundary is assumed to be rigid. The time-history of
loading is shown in Fig. 6.7.

Material properties correspond to Cu-14.44Al1-4.19Ni shape-memory al-
loy [Escobar and Clifton (1993)] in austenitic phase: the density p = 7100
kg/m3, the elastic modulus £ = 120 GPa, the shear wave velocity c,=
1187 m/s, the dilatation coefficient o = 6.75-107% 1/K. For the marten-
sitic phase we choose, respectively, E = 60 GPa, ¢, = 1055 m/s, with the
same density and dilatation coefficient as above.

As a result of interaction between the stress pulse and the phase bound-
ary, the initially straight phase boundary is deformed to the form shown
in Fig. 9.1. At this stage, we also compared the results of computation
of the same problem by refining the mesh. The corresponding results are
shown in Fig. 9.2. Here the longitudinal coordinate is zoomed to exhibit
the differences more clearly. As one can see, the refining of the mesh leads
to a finer description of the phase-transition front, but it does not change
the overall shape significantly.

The next example concerns the behavior of the phase-transition front
under increasing of the loading magnitude. Corresponding results are
shown in Fig. 9.3, where two distinct final shapes of the phase-transition
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Fig. 9.3 Phase transition front at 100 time steps: straight line - initial position, solid
line corresponds to the maximum magnitude of the loading 0.7 GPa, dotted line - 1.4
GPa (400 x 400 elements grid).
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Fig. 9.4 Oblique impact of the stress wave: solid line - initial position of the phase
boundary, dashed line - phase-transition front at 100 time steps.

front relate to magnitudes of loading equal to 0.7 and 1.4 GPa, respectively.
Figure 9.4 shows the phase-transition front position in the case of an
oblique impact of the stress wave on the phase boundary. The result ex-
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Fig. 9.5 Contour plot of stress distribution at 30 time steps.

hibited is tantamount to the formation of fingers or dendrites.

9.4 Wave interaction with martensitic inclusion

The same numerical procedure is applied to the simulation of the wave
interaction with a martensitic inclusion in an austenite environment. Ma-
terial properties and loading conditions are the same as in previous example.
Initial shape of the martensitic inclusion is shown in Fig. 9.5.

Next figure shows the interaction of the pulse with the martensitic in-
clusion. Due to the difference in material properties of martensite and
austenite, the velocity of the wave in martensite is less than this in austen-
ite. Simultaneously, the phase transformation process is induced at the
boundary between martensite and austenite. The final stage of the interac-
tion is presented in Fig. 9.7 in terms of stress distribution. Changed shape
of the martensitic inclusion after the interaction with the stress pulse is
shown in Fig. 9.8. One can see the growth of the martensitic inclusion in
all directions, but the growth in the rear side (right part of Fig. 9.8) is more
than that in the front side (left part of Fig. 9.8).
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Fig. 9.6 Contour plot of stress distribution at 80 time steps.
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Fig. 9.7 Contour plot of stress distribution at 120 time steps.
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Fig. 9.8 Inclusion shape after interaction.

9.5 Concluding remarks

Rapid variations in the properties of phases require at least a second-order
accuracy of the relevant algorithms. Finite-volume numerical methods are
based on the integration of governing equations over a control volume,
which includes a grid element and a time step. This means that the result-
ing numerical scheme is expressed in terms of averaged field variables and
averaged fluxes at boundaries of the grid elements. The equations of state
determining the properties of a medium are also assumed to be valid for
the averaged quantities. In fact, this is an assumption of local equilibrium
inside the grid element, where the local equilibrium state is determined
by the averaged values of field variables. To obtain a high-order accuracy,
the step-wise distribution of the field variables is changed to a piece-wise
linear (or even non-linear) distribution over the grid. Such a reconstruc-
tion leads to a better approximation from the mathematical point of view
and provides a high-order accuracy together with a certain procedure for
suppressing spurious oscillations during computation. However, from the
thermodynamic point of view, the reconstruction destroys the local equilib-
rium inside grid cells. This means that the equations of state are not valid
in this case and even the meaning of thermodynamic variables (e.g. tem-
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perature and entropy) is questionable. A possible solution of this problem
is the description of the non-equilibrium states inside the grid elements in
the framework of the thermodynamics of discrete systems. Excess quanti-
ties can be introduced to the finite-volume schemes in a natural way. As
a consequence, a thermodynamically consistent form of the finite-volume
numerical method for the simulation of phase-transition front propagation
is obtained.
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Chapter 10

Dynamics of a Straight Brittle Crack

Crack propagation is another and more often observed example of mov-
ing discontinuity. As distinct from a two-dimensional boundary between
phases, the crack front is a one-dimensional line.

In the framework of the linear elasticity theory [Freund (1990)], the
tip of a moving crack is the sole energy sink for the elastic energy that is
released from the surrounding material as fracture occurs. The crack tip
equation of motion follows from the balance between the dynamic energy
release rate, G, and the specific fracture energy, I', which is the amount of
energy needed to create a crack of unit area. The equation for the energy
balance at the crack tip is predicted to have the form [Freund (1990)]:

T~ G(l) <1 - E) , (10.1)

CR
where [ is the instantaneous crack length, Vi is the crack’s velocity, cg is
the Rayleigh wave speed, and G(I) is the amount of energy per unit area
present at the tip of a static crack of length [ and it contains all of the effects
of the applied stresses and specimen geometry. The equation of motion for
a moving crack follows from the inversion of Eq. (10.1):

Ve(l) = cn (1 - %) . (10.2)

Relation (10.2) is used in numerical calculations of crack propagation (e.g.,
[Réthoré, Gravouil and Combescure (2004)]). However, Eq. (10.2) predicts
that Vo can be arbitrarily close to its limiting velocity, cr, as G can be
arbitrarily large. At the same time, experimentally observed limiting crack
speeds are significantly smaller than the Rayleigh wave velocity even in
nominally brittle materials [Fineberg and Marder (1999); Ravi-Chandar
(2004)]. Though this difference is explained via dynamic crack instability
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[Fineberg and Marder (1999); Sharon and Fineberg (1999); Ravi-Chandar
(2004)], the equation of motion for a crack still remains under question.

As it was discussed in chapter 2, the crack front can be considered as a
singular set of material points in the continuum theory similarly to phase-
transition fronts [Maugin (2000)]. This means that the local equilibrium
jump relations derived in chapter 3 can also be applied at the crack front.
As distinct from the phase transition front problem, the problem of crack
motion cannot be reduced to a one-dimensional formulation, because the
driving force is calculated by means of the J-integral. At the same time,
the jump relations at the crack front are simpler than in the case of moving
phase boundary, since the state behind the crack front has completely zero
values of any parameter. Therefore, the values of jumps coincide with the
values of the corresponding (local equilibrium) quantities in front of the
crack front.

In what follows we describe how the general relationship between driving
force and the velocity of discontinuity derived in [Berezovski and Maugin
(2005b)] can be specialized for the straight-through mode I crack.

10.1 Formulation of the problem

The simplest formulation of the crack propagation problem corresponds to
mode I fracture in thin plates. We consider the crack propagation in a thin
cracked plate subjected to a load as shown in Fig. 10.1.

In the framework of linear elasticity (cf. chapter 4), we can write the
bulk equations in a homogeneous isotropic body in the absence of body
force as follows:

(9’Ui 6015
= 10.3
6015 6’Uk (9’Ui 6vj
= A—=6;, , 10.4

where ¢ is time, x; are spatial coordinates, v; are components of the velocity
vector, 0;; is the Cauchy stress tensor, pg is the density, A and p are the
Lamé coefficients.

In the case of thin plates, the problem can be simplified by means of
either plane stress approximation (thin strip geometry, o;3 = 0,7 = 1,2, 3)
or plane strain approximation (thin plate geometry, displacement compo-
nents u;3 = 0,7 = 1,2,3). These approximations lead to the formulations of
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the crack propagation problem, which are indistinguishable from each other
except for the difference in values of dilatational wave speed. Correspond-
ing solutions can be found elsewhere (cf., [Freund (1990); Ravi-Chandar
(2004)]). These solutions should be in correspondence with the description
of the problems in material formulation of continuum mechanics.

10.2 Stationary crack under impact load

First, we check the suitability of the wave-propagation algorithm for the
solution of the problem of a body with a stationary crack subjected to im-
pact load. The computations are carried out for an edge cracked specimen
shown in Fig. 10.1. A state of plane strain is adopted. The specimen di-

A A B A

X,

X

LYY Yy v v v v v Yy Y vy vy

Fig. 10.1 Model problem for a crack in a plate.

mensions are taken to be b = 20.0 mm and h = 4.0 mm. Initial crack length
is @ = 10 mm. These dimensions ensure that no unloading waves from the
lateral boundary of the specimen reach the crack tip during the period of
interest.

The problem is formulated in the same way as in [Duarte et al. (2001)].
Lateral boundaries and crack faces are traction-free. A plane tensile pulse
of magnitude o* = 63750 Pa propagating towards the crack plane from the
upper and bottom surfaces of the specimen is prescribed at ¢ > 0. Material
properties correspond to a linear elastic material with F = 2.0 x 10!
Pa, v = 0.3, and p = 7833.0 kg/m3. A uniform rectangular mesh is used
for calculations. The mesh has 250 and 100 elements in the z1- and zs-
directions, respectively. Computations are performed with the Courant
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number equal to 1.

Fig. 10.2 Wave-fronts for diffraction of a plane wave by a semi-infinite crack. Theoret-
ical prediction.

Fig. 10.3 Wave-fronts for diffraction of a plane wave by a stationary crack. Numerical
simulation.

Figure 10.2 shows the scattered fields radiating out from the crack tip in
the case of a semi-infinite crack under plane wave loading [Freund (1990)].
The leading wave-front is a cylindrically diffracted longitudinal wave, of
radius ¢, ¢, centered at the crack tip. Due to the coupling of dilatational
and shear waves, the scattered field includes a cylindrical shear wave-front,
of radius ¢, t, centered at the crack tip, and the associated plane fronted
headwaves travelling at speed c,. Here ¢, and ¢, are the longitudinal wave
speed and the shear wave speed, respectively.
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Similar wave-fronts can be seen in Fig. 10.3, where the snapshot of full
displacement field after 85 time steps is shown; this has been computed by
means of the wave-propagation algorithm. It seems that the conservative
wave-propagation algorithm represents the wave fronts as well.

10.3 Jump relations at the crack front

To be able to compute the crack motion, we need to predict the crack tip
velocity. The crack front in the considered thin plate problem is a straight
line in the x1 — x5 plane (a3 is orthogonal to the plane of Fig. 10.1). In the
plane the crack front line may be seen as a discontinuity between matter
(in front of the crack) and vacuum (in the crack). Accordingly, we envision
the exploitation of the local equilibrium jump relations established for a
moving material discontinuity surface in chapter 3, but adapt these to the
present situation.

The jump relation across crack front C' corresponding to the balance of
linear momentum (Eq. (4.15)) reads, in general,

Vc[p(ﬂ)i] + Nj[O’ij] =0. (105)

Here Vi is the material velocity of the crack front along normal N;. The
jump relations across the crack front C' corresponding to the balance of
canonical momentum and entropy inequality should exhibit source terms
[Maugin (1997)]:

Ve Pi] + Njlby] = — fi (10.6)
Vc[S] — N][QJ/H] =oc >0, (10.7)

where P; is the pseudo-momentum in the small-strain approximation, b;; is
the dynamical Eshelby stress tensor, @); is the material heat flux, S is the
entropy per unit volume, 6 is temperature, o¢ is unknown scalar, and f; is
an unknown material force. The latter quantities are constrained to satisfy
the second law of thermodynamics at the crack front C' such that [Maugin
(1997)]

JiVi=0coc > 0. (10.8)

Due to non-zero entropy production at the moving crack front, we need
to take into account the temperature dependence of the free energy even
if we consider the isothermal case. Isothermal conditions are used due to
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the correspondence to linear elasticity theory. Adiabatic conditions may be
more appropriate, but both in isothermal and in adiabatic cases tempera-
ture field is determined independently from other fields, and the isothermal
case is much simpler to handle.

10.4 Velocity of the crack in mode 1

Suppose that stress and strain fields are determined. We can estimate the
velocity of the crack by means of the jump relation for linear momentum
(10.5):

Velpovil + Njloi; + Xi;] = 0, (10.9)

where overbars denote local equilibrium values, square brackets denote
jumps, N; is the normal to the crack front, and the excess stress X;; is
introduced. In the small strain approximation, the material velocity Vj is
connected with the physical velocity v; by [Maugin (1993)]

ou;

ve= 00

)W (10.10)

Inserting the latter relation into the former one, we have

ou,;

Ve [p0(5ij + %)VJ] — Nj[6:5 + Xi;] = 0. (10.11)

J
Remember that the crack front in the thin plate problem is a straight line
in x1 — x3 plane, propagating in the 1 direction. The projection on the
normal to the crack front reduces the last expression to

Ve [po(l + 511)‘/1] — [5’11 + 211] =0, (1012)

where 717 is the component of the stress tensor normal to the crack front.
Since we have no material behind the crack front, jumps are equal to values
of quantities in front of the crack front which leads to

s o1t 2Xn

= 10.13
C7 po(1+en) ( )

However, we are unable to determine the exact values of the stress com-
ponents at the crack tip due to the square-root singularity. Therefore, we
apply the local equilibrium jump relation (6.32) as in the case of the phase
transition front [Berezovski and Maugin (2004)]:
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|:011 +60 (£> + 211] =0. (10.14)
Oe11 pu

It follows from Eq. (10.14) that the values of the normal stresses at the
crack front are determined by the entropy derivative at the crack front

_ ([0S
o Yu=-0(——) . 10.15
O11 + 211 (8511>U ( )
As follows from the entropy jump at a discontinuity (10.7) and the expres-
sion for entropy production (10.8), in the isothermal case entropy at the
crack front is dependent only on the driving force
e

7
Therefore, for the entropy derivative on the right-hand side of Eq. (10.15)
we obtain

_ (08N _fe (08N [(dfc
o1+ X = 9<—8511)0_ 7 <—8511)g (—8511)0' (10.17)

S (10.16)

In the isothermal case, the second derivative on the right-hand side of
the last relation can be neglected because stresses and strains are fixed
simultaneously. This means that the normal stresses at the crack front can
be expressed in terms of the driving force

_ fo ( 00 2(A+ )
+8 =L () = ety 10.18
o 1 0 (8811>U fc@a(3/\+2u) Jo, ( )

where « is the thermal expansion coefficient.

It is well known that the driving force acting at the crack tip is the
energy release rate, which can be calculated by means of the celebrated J-
integral ([Maugin (2000)], e.g.). The dynamic J-integral for a homogeneous
cracked body [Atkinson and Eshelby (1968); Kostrov and Nikitin (1970);
Freund (1972); Maugin (1994)] can be expressed in the case of mode I
straight crack as follows:

. Ou;
J = Il‘lil}) - ((W + K)(Slj — O'ija—xl) TLde. (1019)

Here n; is the unit vector normal to an arbitrary contour I' pointing outward

of the enclosed domain. The kinetic energy density, K, is given by

1
K= Epovz. (10.20)
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In the two-dimensional case, the driving force is related to the value of the
J-integral (10.19) as follows:

J
fo= T (10.21)
where [ is a scaling factor which has dimension of length.
Summing up, we can represent stresses at the crack front as
AJ
o1+ X = - (10.22)

Here we should make a supposition concerning the stress excess 315.

10.4.1 Zero excess stress

The simplest estimate is found by assuming that the value of the excess
stress Y17 is zero at the crack front. This means that Eq. (10.13) is reduced
to
011
Vi=———. 10.23
7 po(l+em) ( )
In the framework of the linear theory, we can expect a linear stress-strain
relation between the local equilibrium stress, 11, and the local equilibrium
strain, &11,

11 = Béyy. (10.24)

Inserting Eq. (10.24) into Eq. (10.23), we have
7 S E —

“" po(1+611/B)

The value of the coefficient B is determined from the condition that the
velocity of the crack front should approach the Rayleigh wave velocity cg
at high values of 711. It follows from Eq. (10.25) that
B
lim V2 =ch = — (10.26)

T—00 po'

(10.25)

Taking into account relations (10.22) and (10.26), we can represent
Eq. (10.25) as follows

2 2\ !
Ve _ <1 + 2R > . (10.27)

% AJ

This means that for sufficiently small values of poc%l/AJ
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V2 pockl
-~ 11— —= 10.28
c% AJ ( )

Extracting the root from both sides of the last equation, we obtain

Vo [ ekl . pockl

R AT 24T (10-29)

Thus, assuming zero excess stress at the crack front, we come to the well-
known relation for the crack velocity (10.2).

10.4.2 Non-zero excess stress

Certainly, there are other possibilities in the choice of the value of the excess
stress at the crack front. For example, we can suppose a proportionality
between ¥11 and 11,

Y11 = Doy (1030)

In this case we have the following expression for the velocity of the crack
front

g11(l+ D)
Vie —— 10.31
¢ po(1+0511/B) ( )
Consequently,
B )
lim V2 == (1 + lim _—”) =c4(1+D). (10.32)
o—00 po o—00 0'11

It follows that in this case the limiting value of the velocity of the crack
front is different from the value of the Rayleigh wave velocity. Denoting
the limiting value of the velocity of the crack front by Vr, we can represent
the expression for the velocity of the crack front as follows

2 2 POC% - 2 AT\
Vo=V 1+ 1) =Vr|1l- 1—1—@ . (10.33)

To be able to compare the obtained relation with experimental data, we
note that the value of the J-integral is proportional to the square of the
stress intensity factor K in the considered problems [Fineberg and Marder
(1999); Ravi-Chandar (2004)]. Therefore, we can rewrite the last expression
in terms of the stress intensity factor
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M\ K2\'
VE =V} <1 + —) =VA|l1- <1 + —1) : (10.34)
oo T K? T Ml

where the coefficient M depends on the properties of the material.

Thus, the derived kinetic relation contains two model parameters: the
limiting velocity Vp, which directly corresponds to the condition taken for
the excess stress at the crack front, and the characteristic length scale .
Both model parameters may by adjusted to fit experimental data.
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Fig. 10.4 Crack growth toughness in Homalite-100.

First, we compare the prediction (10.34) with the ‘averaged’ data for
crack propagation in Homalite-100 given by Ravi-Chandar (2004). The
result of the comparison is shown in Fig. 10.4, where the theoretical curve
is calculated using the values Vr = 500 m/s and MI = 0.392 MPa’m. It
should be noted that the expression (10.34) is applied only for the values
K; > K., and the critical value is K7, = 0.415 MPa m'/? (vertical line in
the figure).

The ‘averaged’ K — V¢ relationship suggested by Ravi-Chandar (2004)
is based on the experimental observations [Ravi-Chandar and Knauss
(1984c)], where the crack velocity remained constant in each individual
experiment. It is easy to see that for sufficiently small values of ML in
Eq. (10.34), we will have almost constant crack velocity. Its limiting value
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Fig. 10.5 Crack growth toughness in Homalite-100.

Vr appears to be dependent on the conditions of experiment.

Another comparison is made using experimental data for crack propa-
gation in Homalite-100 by [Dally (1979)]. Here the value of the limiting
velocity Vr is equal to 450 m/s and M1 = 0.333 MPa?m. The result of the
comparison is presented in Fig. 10.5, where the theoretical curve is shown
again only for K; > Kj.. It seems that a good agreement between theory
and experiment can be achieved by an appropriate choice of the values of
the limiting velocity of the crack and of the characteristic length [.

One can suppose that the characteristic length [ may be taken to be
similar to the process zone length [Barenblatt (1996)]
K%C

5
O

[~ (10.35)

In the thin strip geometry, it is possible to relate the values of o, and J
[Hauch and Marder (1998)], which leads to

2
KIC

I~ (10.36)

In this case we arrive at an expression for the velocity of the crack front in
the form

V2 — y2 Ic _ 12 I
c=VvVr (1 + ? ) =Vr (1 (1 +— i) , (10.37)
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Fig. 10.6 Crack growth toughness in Homalite-100.

where M’ is another material constant.

The last expression is useful to interpret the results of experiments for
crack propagation in Homalite-100 by Hauch and Marder (1998), as one
can see in Fig. 10.6. Here we have used the following values for the model
parameters: Vp = 405 m/s and M'K?, = 0.154 MPa*m?.

The same relation (10.37) was successfully applied for comparison of the-
oretical predictions and experimental data by Kobayashi and Mall (1978)
(again for Homalite-100), which is shown in Fig. 10.7. Here another value
of the limiting velocity Vz = 385 m/s was used but the value of the second
model parameter was the same as for experiments by Hauch and Marder
(1998).

As previously, a good fit of the experimental curves is obtained by the
adjusting values of the limiting velocity and of the characteristic length.

10.5 Concluding remarks
We have applied a very similar formalism to the non-equilibrium descrip-

tion of the crack propagation as in the case of the phase-transition front
dynamics. In a certain sense the formalism is more apparent in the case of
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Fig. 10.7 Crack growth toughness in Homalite-100.

crack, because the values of jumps are reduced to the values of quantities
characterizing a local equilibrium state in front of the crack front. The local
equilibrium jump relation at the crack front allows us to establish a kinetic
relation between the driving force and the velocity of a straight-through
crack. This kinetic relation depends on the assumption concerning excess
stress values at the crack front. It is shown that the obtained kinetic re-
lation can be reduced to the prediction of the linear elasticity theory by
setting the value of contact stress to zero. However, the adopted approach
provides new possibilities. In particular, simple proportionality between
excess and local equilibrium stresses leads to the limiting velocity, which is
different from the Rayleigh wave speed. This assumption can be the subject
of further modifications or generalizations.

The comparison of theoretical predictions with experimental data for
Homalite-100 shows that in spite of the complexity of the problem and
the high level of idealization of the model, the velocity of the crack can be
estimated in the framework of the continuum theory. This can be confirmed
once more by means of recent experimental data for the crack propagation
in Polyester/TiO2 nanocomposite by Evora, Jain and Shukla (2005), shown
in Fig. 10.8. Here the theoretical curve is calculated using the measured
value of the limiting velocity Vr = 724 m/s in Eq. (10.37). The second
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Fig. 10.8 Crack growth toughness in Polyester/TiO2 nanocomposite.

model parameter corresponds to the critical value of the stress intensity
factor K. = 0.85 MPa m'/? [Evora, Jain and Shukla (2005)].



Chapter 11

Summing Up

Most dynamic processes at the macroscoppic level are governed by hyper-
bolic conservation laws. The theoretical description and numerical methods
for the corresponding simulation of wave propagation in homogeneous ma-
terials are well developed and broadly applied. However, inhomogeneous
materials are much more difficult to deal with although they can be formally
modelled.

The real challenges met in the theoretical description and numerical
simulation of propagation in inhomogeneous materials are well illustrated
by the paradigmatic case of the propagation problem of transition fronts in
the so-called martensitic alloys. The reason for this is that the dynamic re-
sponse of a material capable of phase transformations is drastically different
from that in the absence of phase change. Shape memory and pseudoelas-
ticity of shape memory alloys are typical examples of the unusual behavior
due to martensitic phase transformations. It is experimentally observed
that martensitic phase transformation can be induced by an applied stress
loading, e.g., a shock. In this case, phase-transition fronts may appear and
move through the specimen. In the isothermal case, the governing equa-
tions for the motion are still hyperbolic conservation laws. However, these
conservation laws are not able to predict the front appearance and velocity.

To understand the above set problem in depth, we have here applied the
material description of continuum mechanics. This description allows us to
determine the value of the driving force acting on the moving front and
the full set of corresponding jump relations. However, the jump relations
include the velocity of the front that remains undetermined. It happens that
the velocity of the moving discontinuity is the most questionable property
of the diffusionless martensitic phase-transition front.

Though it is clear that phase transformation processes are thermody-
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namically irreversible in general, the resulting entropy production cannot
be calculated by means of classical phase equilibrium conditions. Therefore,
the specially developed “local” equilibrium jump relations across the fronts
are defined here and exploited satisfactorily. However, while the jump rela-
tions do not include the front velocity, they are formulated in terms of the
so-called excess quantities. The excess quantities are needed to characterize
the non-equilibrium states of the material. Fortunately, these excess quan-
tities can be implemented in a finite volume numerical scheme as fluxes,
which are determined at the boundaries between computational cells. The
corresponding procedure is equivalent to the solution of a Riemann problem
at the boundary between cells in the absence of moving fronts.

At discontinuities, we require that the jumps in the averaged fields keep
the values of jumps in the genuine unknown fields. This is achieved by
means of the continuity of excess quantities across the discontinuity. Adopt-
ing this assumption, we can establish a connection between the velocity of
the front and the driving force acting on the front. This means that we
derive the kinetic relation for the moving discontinuity.

Moreover, a criterion for the phase transformation initiation can also be
formulated in the developed framework. This criterion is the condition of
switching from one local equilibrium jump relation to another. The critical
value of the driving force following from the initiation criterion allows us
to predict the place and time of the initiation of the phase transformation.

Thus, to develop a numerical algorithm and to perform the numerical
simulations of moving fronts we need to take into account:

e the material formulation of continuum mechanics, since we need to
determine the driving force;

a full thermomechanical description even in the isothermal case,
because of the entropy production at the front;

e a non-equilibrium description of states of computational cells in
the spirit of the thermodynamics of discrete systems;

local equilibrium jump relations;

a kinetic relation for the velocity of the phase boundary;

the critical value of the driving force as the initiation criterion.

Throughout the book, we have discussed the formulated topics both from
theoretical and numerical points of view, in one-dimensional and two-
dimensional settings, in isothermal and adiabatic cases.

Similar analytical considerations are applied to the problem of the dy-
namics of straight brittle crack. The corresponding numerical simulations
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are supplemented by the needed calculation of the J-integral.

The comparison with experimental data justifies the effectiveness and
correctness of the applied framework for the description of wave and front
propagation in inhomogeneous solids. This framework is based on the ma-
terial formulation of continuum mechanics, the thermodynamics of discrete
systems, and finite volume numerical methods. The theory is open for
generalizations to include more complex material models, and the corre-
sponding numerical algorithms should be improved in the case of complex
geometry.
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Appendix A

Thermodynamic interaction between
two discrete systems in
non-equilibrium’

There are two different descriptions of thermodynamic systems: the field
formulation and the description as a discrete (or lumped) system. The
field formulation or continuum thermodynamics deals with balance equa-
tions [Wilmanski (1988); Jou, Casas-Vazquez and Lebon (2001); Muschik,
Papenfuss and Ehrentraut (2001)], which model together with the constitu-
tive relations (equations of state) and the initial and boundary conditions
of the process going on in the system.

After having inserted the constitutive relations into the balance equa-
tions, we obtain a system of partial differential equations whose analytical
solutions can be calculated only in sufficiently simple cases. In numerous
practical applications, these continuous models are replaced by approxi-
mations usually obtained by means of finite differences or finite elements.
Calculations are carried out after having chosen an appropriate algorithm
with respect to the problems of stability and convergence. Consequently for
practical reasons it seems to be more convenient to have a direct description
of the coupled thermodynamic behavior of a finite number of interacting
elements or cells. This is just one of the reasons for introducing the con-
cept of discrete systems [Muschik (1990)] because this gives a simple and
effective possibility for describing thermodynamics and interactions of el-
ements being in non-equilibrium. But here we encounter the analogous
difficulties, which appears in classical thermodynamics, as noted by Trues-
dell and Bharatha [Truesdell and Bharatha (1977)] “the formal structure
of classical thermodynamics describes the effects of changes undergone by

OThis Appendix represents results of the paper by W. Muschik and A. Berezovski
(Thermodynamic interaction between two discrete systems in non-equilibrium. J. Non-
Equilib. Thermodyn., 29, (2004) 237-255) and is reprinted here by courtesy of Professor
W. Muschik.
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some single body. While it allows these effects for one body to be compared
with corresponding effects for another body, it does not represent the ef-
fects associated with two bodies simultaneously or in any way conjointly.”
The interactions between a discrete system and its equilibrium environment
are well known [Muschik (1993)], but the general interaction between two
discrete non-equilibrium systems has not been investigated up to now and
is shortly discussed here.

To describe the interaction between two discrete systems, we note that
interacting systems always form a composite system. It is clear that the
thermodynamic description of a composite system should be consistent with
that of its interacting subsystems. It is also clear that the accuracy of the
description depends on the information one has of the discrete system: If
a compound system is described as being non-composed, the accuracy of
the description is lower than taking its composition into account. The
thermodynamic consistency of these two different descriptions is achieved
by introducing excess quantities which vanish, if the discrete system is non-
composed.

A.1 Equilibrium/non-equilibrium contacts

A.1.1 Contact quantities

By definition a discrete (or lumped) system is a region G € R? in space
separated by a contact surface F from its environment G* [Muschik (1993)].
The interaction between GG and G* can be described by exchange quantities.
We call G a Schottky system [Schottky (1929)], if the interaction with its
environment consists of heat exchange @, of power exchange W, and of
mass exchange described by time rates of mole numbers n° of the different
species (Fig. A.1).

The exchange quantities Q, W, and n°¢ determine intensive non-
equilibrium contact quantities, namely the contact temperature ©, the dy-
namic pressure p ', and the dynamic chemical potentials p by different
defining inequalities [Muschik (1993)]. These inequalities and their corre-
sponding constraints are:

0O, 1) (% _ Ti) = ¢ (% _ Ti) >0, (V=0,8°=0), (A1)

Vp.p*)(p—p )=V (p—p*) >0, (Q=0, n°=0), (A.2)

as a special simple example for demonstration

1
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G*

Non-equilibrium (0, p, 1)
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Equilibrium . pu

Fig. A.1 General structure of Schottky systems.

fop)=E0t-(pt-p) 20, (Q=0,V=0). (A3
Here V is the volume of the discrete system G, T is the thermostatic
temperature of the equilibrium environment G*, p* its equilibrium pressure,
and p* its equilibrium chemical potentials.

The contact temperature is the dynamical analogue to the thermostatic
temperature [Muschik (1977); Muschik and Brunk (1977)]. The interpre-
tation of the contact temperature is as follows: From Eq. (A.1) it is evi-
dent, that the heat exchange Q and the bracket always have the same sign
[Muschik (1984)]. We now presuppose, that there exists exactly one equilib-

n®(p, p*) - (1

rium environment for each arbitrary state of a discrete system for which the
net heat exchange between them vanishes. Consequently the defining in-
equality (A.1) determines the contact temperature © of the system as that
thermostatic temperature 7™ of the system’s environment, for that this net
heat exchange vanishes and no power and material exchanges occur. The
same interpretation holds true for the dynamical pressure p and the dy-
namical chemical potentials p, with respect to the net rate of the volume
and the net rate of each mole number due to external material exchange.
According to the defining inequalities (A.1) to (A.3) an equilibrium envi-
ronment exists, for which the net heat exchange, the net power exchange
and the net external material exchange for each component between G and
G vanish. In this case the intensive variables T, p*, u* of this environment
are defining the values of the non-equilibrium contact quantities O, p, u of
the system in consideration.
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In all the cases the constraints mentioned in the brackets in Eqs. (A.1) to
(A.3) have to be taken into consideration for each defining inequality. These
defining inequalities are operational definitions of the contact quantities
based on measuring rules which are expressed by the constraints mentioned
in Egs. (A.1) - (A.3). The contact quantities ©, p, and p themselves are of
course independent of these constraints and of the special values of T, p*,
and p*. Only for measuring them, the constraints have to be taken into
consideration. Consequently ©,p, and p are generally defined for Schottky
systems.

Contact quantities satisfy constitutive equations

Q_F(é—%>, (V =0, n°=0), (A.4)
V:G(p—p*), (onv n° :O)v (A5)
e =H(p" —p), (Q=0,V=0). (A.6)

According to Egs. (A.1) - (A.3) and their presupposed continuity the con-
stitutive functions F', G, and H have the property

yF(y) >0,  F(0)=0, (A7)
yG (y) > 0, G(0) =0, (A.B)
y-H(y) >0, H(0) = 0. (A.9)

Beyond these properties, we additionally demand the strict monotony of
F, G, and H
y >y =Fy) > Fy") and Gly) > Gy"), (A.10)

y >y~ =H(y) > Hy"). (A.11)

The non-equilibrium state space of a discrete system in a rest frame can be
chosen as follows [Muschik, Papenfuss and Ehrentraut (1997)]

Z:{V7n’U’®’€; T*vp*a/’l’*}' (A'lz)

Here U is the internal energy of the system, and & are other variables in
connection to irreversible processes going on in the system. Up to now
it is not necessary to specify these variables. The dynamic pressure and
the dynamical chemical potentials, and according to Eqs. (A.4) and (A.5)
G and H, are constitutive equations on Z (see sect. A.3.2, Eq. (A.65)).
Thus, the complete description of the non-equilibrium state of a discrete
system includes its contact quantities and the intensive variables of the
environment as parameters which satisfy a Gibbs-Duhem equation, which
means one of the p* can be expressed by the other ones and by T and p*.
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Fig. A.2 Division of the contact surface.

A.1.2 Partial contact quantities

The contact surface F between the system and its environment can be
arbitrarily divided into parts F;~ and g, (Fig. A.2) defined by the following
properties [Muschik (1984); Callen (1960)]:

gt={Jg"  FnFh=0, i#k, (A.13)

F-={Jg;, FnF, =0, j#£k (A.14)
J

F=35tuF, FtnF =0 (A.15)

The denotion of the partial surfaces is determined by the signs of heat
exchanges: Qf are the heat exchanges through fﬁt

gioQb=0, QT =) Qf >0, (A.16)

Fro Q<0 Q=) Q;<0, QT +Q =Q. (A7)
J

We now consider a special state of G which we call partial equilibrium with
respect to p and p. This partial equilibrium of G is defined by

FE e =D, p=p*, forall k. (A.18)
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The partial equilibrium with respect to p and @ means that there are no
power and material exchanges through all the partial surfaces 5"2[ according
to Egs. (A.2) and (A.3). Only heat exchanges occur. Consequently the
heat exchanges satisfy the inequalities which belong to the partial contact
surfaces according to Eq. (A.1)

. 1 1
0 O (grogE) 20 Gemmmw) (A)
— N — 1 1 * *
g:'_j: Q_j o T >0, (pj:pap’j:p’)' (A.20)
J

Summing up these inequalities, taking into consideration Eqs. (A.16) and
(A.17), and applying the mean value theorem to the sums we obtain

Qf Q
Ft . Z@T"

.+>0 Q+ ! L (A.21)
— _— = — .
T = o+t T+) =7

_ ;o Q (1 1
F -2 — >0 — -] >0. A.22
—~0e; T~ — @le7)= (4-22)
These inequalities are valid for arbitrary T, especially also for
T"=0, — QT+Q =0 (A.23)
which follows from Eq. (A.1). Hence Egs. (A.21) and (A.22) result in
. 1 1
+ . + +
F Qt R >0 — ©0<Lo . (A.25)
0 0-)~ -
Therefore we obtain for the partial equilibrium with respect to p and p
er<e<o, (pi =p*, p; = p*, foralli). (A.26)

Because ©,07, and ©~ are independent of the intensive variables of G*
and of the p; and p*, the inequalities (A.26) are valid in general. This
means the contact temperature © of F is always in between the contact
temperatures ©F and ©~ of the partial contact surfaces F© and F~.
From Eqs. (A.24) and (A.25) we obtain by Eqgs. (A.16) and (A.17)
A A (A.27)

e+~ e’ -~ o
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Summing up both inequalities we obtain by the use of Eqs. (A.21), (A.22),
and (A.1)

), . .
- O — 6~ T* ( )
Starting out with a partial equilibrium with respect to © and u, we ob-

tain from Eq. (A.2) by the same reasoning as before the generally valid
inequalities analogously to Eq. (A.28)

Zkak > pV > p*V. (A.29)
k

Starting finally out with a partial equilibrium with respect to © and p we
obtain from Eq. (A.3)

>y ng <pent < ptenl (A.30)
k
As for Eq. (A.4) the partial heat exchanges Q and Q™ satisfy constitutive
equations which depend on the special partial contact surfaces F* and on
T*

. 1 1
+
— Py [ - — A.31
@ =r(gs-7). (A31)
Fi(z)=0, ifa<0, F_(x)=0, ifz>0, (A.32)
xFy(z) >0, Fy(x)is strictly monotone, if not zero. (A.33)

According to Eqgs. (A.5) and (A.6) there are constitutive equations of the
rates of partial volumina and mole numbers analogous to Eq. (A.31).

The main consequence of this section is that partial contact quantities
could be associated with the corresponding partial parts of the contact sur-
face. The defined contact quantities provide the complete thermodynamic
description of non-equilibrium states of discrete systems in an equilibrium
environment [Muschik, Papenfuss and Ehrentraut (1997)]. However, in case
of interacting non-equilibrium systems, we need some more concepts.

A.2 Interacting non-equilibrium systems

A.2.1 Replacement quantities

We now consider interacting non-equilibrium systems, a situation which dif-
fers from the previous one by a non-equilibrium environment instead of an
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equilibrium one. The first idea one may have is to replace the thermostatic
temperature of the equilibrium environment by the contact temperature of
the non-equilibrium environment. In this case it can be shown that the
sign of the difference of the contact temperatures of the system and its
environment does not determine the sign of the heat exchange [Muschik
(1984)]. This means the heat exchange between these two non-equilibrium
systems may not vanish, if the contact temperatures of both systems are
equal. Therefore we replace the non-equilibrium environment by that equi-
librium one which causes the same net heat exchange as in the original situ-
ation. This replacement is possible due to the monotony properties (A.10)
and (A.11). We call the thermostatic temperature of that equilibrium en-
vironment the replacement temperature of the system’s non-equilibrium
environment in consideration.

Because the replacement introduces equilibrium environments instead
of the non-equilibrium ones, the defining inequalities (A.1) - (A.3) are also
valid for the replacement quantities: replacement temperature 9*, replace-

*

ment pressure 7, and replacement chemical potentials v* of the system’s

non-equilibrium environment,

Q (é — ﬁi) >0, (V=0 n°=0), (A.34)
Vip-—79)>0, (Q=0, n°=0), (A.35)
n®- (v —p)>0, (Q=0,V=0). (A.36)

Here by definition the exchange quantities Q, V, and n® are the same as in
the non-equilibrium situation in which two non-equilibrium systems are in
contact with each other.

The difference between the inequalities (A.1) and (A.34) is as follows:
In Eq. (A.1) T* and Q are given and © is determined by the zero of Q,
whereas in Eq. (A.34) @ and O are given and ¥* is determined by them.
The same is true for the other two inequalities (A.2) and (A.3), (A.35) and
(A.36). Up to this different interpretation the inequalities (A.1) - (A.3) and
(A.35) - (A.36) are formally identical.

Because of the equilibrium concept of replacement quantities, the con-
stitutive functions F', G, and H in Egs. (A.4) -(A.6) are also valid for the
replacement quantities:

: 11 : L
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V=Gp-r°), (Q=0, n°=0), (A.38)

n“=H@w" —p), (Q=0,V=0). (A.39)

The state space of a discrete system in a non-equilibrium environment
should be changed, with respect to Eq. (A.12)

Z={V,n,U,0,¢; 0, 7" v}, (A.40)

Therefore, in the framework of thermodynamics of discrete systems, we can
define all thermodynamic quantities necessary for the complete description
of a discrete non-equilibrium system in a non-equilibrium environment.

A.2.2 Composite systems

Two discrete systems 1 and 2 interacting with each other are forming a
composite system 1U2, sometimes also called compound system (Fig. A.3).
It is clear that the thermodynamic description of the composite system con-
tains less information than that of the two subsystems themselves forming
the compound system. We denote this fact as compound deficiency. This
means that quantities belonging to the composite system differ from those
belonging to the sum of both subsystems forming the composite system.
The difference between these quantities is denoted as an excess quantity.
In section A.3 the concepts of compound deficiency and excess quantities
are worked out in more detail.

A.2.2.1 The subsystems

Suppose the considered composite system 1U2 is composed of two sub-
systems 1 and 2 which are in interaction with each other and with the
environment (marked by *) which is the same for both (Fig. A.3). As
usual for Schottky systems the interaction comnsists of heat-, power-, and
mass-exchange. Here especially the power-exchange is chosen as a volume
work for simplification. In general the subsystems are in non-equilibrium
whereas the environment is presupposed to be in equilibrium because of its
reservoir properties.

For describing the exchanges we have to introduce three contact sur-
faces, one between both the subsystems 1 and 2, called F and two other
ones between one of the two subsystems and the environment, denoted by
F1 and Fy (see Fig. A.3). For the three contact surfaces we introduce four
partial contact temperatures belonging to the subsystems 1 and 2 [Callen
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Equilibrium . pu

Fig. A.3 Systems 1 and 2 as parts of a composite system 1U2.

(1960)] ©f, ©F, ©91, and ©72. The meaning of these contact temper-
atures is clear: @gc is the partial contact temperature belonging to the
contact surface K and j marks the subsystem, if necessary. The defining
inequalities for these contact temperatures are

O (@L? - Ti> >0, (A.41)

Qo (@L? - Ti> >0, (A.42)

whereas we obtain according to Eq. (A.34) the following inequalities for the
internal contact surface &

. 1 1
Q1-2 (6—:1; - 19—2) >0, (A.43)
. 1 1
Q2—1 (G_g — 19—1) > 0. (A.44)

According to Eq. (A.34) ¢, and ¥s are the replacement temperatures be-
longing to the non-equilibrium subsystems 1 and 2.

Because the contact surface between both subsystems is an inert one,
which means that heat and mass are not absorbed or emitted by this par-
tition?, we have (h; are the molar enthalpies of the j-th subsystem)

2more details for open systems see [Muschik and Giimbel (1999)]
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Qi2+hi-nf ,=-Qy1—hy-n5 |, (A.45)
and
ne_, = —nS_,. (A.46)
Hence Eq. (A.44) results in
: . 11

Because this inequality is valid for arbitrary n{_,, especially also forn{_, =
0, and Q12,07 , and ¥; are independent of n$_,, we obtain from Egs.
(A.43) and (A.47)

1 1 1 1
sign <®_51’t - 0—2) = —sign (G_g - 0—1> . (A.48)
The entropy production generated by the heat exchange between the sub-
systems of the compound system 1 U 2 is the left-hand side of Eq. (A.43),
or equivalently that of Eq. (A.44), because the contact surface F between
them is inert. Therefore the left-hand sides of Eqs. (A.43) and (A.44) are
equal and Eq. (A.48) results in

1 1 1 1
- == A.49
oF U 0 o] (A.49)
By this equation the mean value of the reciprocal replacement temperatures
is determined by that of the reciprocal contact temperatures

1 o1/1 1 1/1 1
1 101 1y 1/1 1Y) A
7 2<@f+®§) 2(191+192> (A.50)

This relation shows the replacement temperatures of two non-equilibrium
systems being in thermal contact with each other are dependent of each
other in contrast to the independent contact temperatures. If one of the
contacting subsystems (say 2) is in equilibrium with the environment, we
obtain from Eq. (A.50)

0 =9y =T" — 9, =07, (A.51)

A.2.2.2 The composite system

In this section we describe the composite system 1U2, as if it would not be
composed of the two subsystems 1 and 2. This description is of course a
more coarse one than that of the two single subsystems in interaction.

As already mentioned the subsystems of the composite system have two
contact surfaces with respect to the environment, ¥, and Fs, to which the
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two contact temperatures ©71 and ©72 belong (see Fig. 3). The contact
surface of the composite system is F1UFs to which the contact temperature
© belongs. Without restricting generality we presuppose that

o7 < o2 (A.52)

is valid, because this inequality only depends on the numbering of the
subsystems. In this case the inequalities (A.26) and (A.28) become

0’ <o <2, (A.53)
2 .:T . . .
Z gfﬂc z % TQ Q=Q"+Q", (A.54)

k=1
and we obtain from the inequalities (A.29) and (A.30)

2
SopT VI pV Zp Vv, V=VTipyT 3 (A.55)
k=1
2
Zu?k .,’;LeiTk Sﬂ'hegﬂ*'he, ,’;Le:,’;Leifl _i_hef}"g' (A56)
k

Now we have defined both kinds of contact quantities, those for the compos-
ite system itself and those for its subsystems. The inequalities (A.54) and
(A.56) characterize what we define as compound deficiency. This means
a more detailed description by the subsystems yields other results than a
coarse description by the composite system.

A.3 Compound deficiency

A.3.1 The inequalities

We now consider the compound deficiency of the different descriptions of
the composite system and its subsystems (Fig. A.3).

The power exchange between the two subsystems and the environment
is

2
Wi=W, + Wy =— Zpgkvgk, (A.5T)

3the rates of the partial volumina V7% can be defined properly by using Reynolds
transport theorem
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whereas the power exchange between the composite systems and the envi-
ronment is by taking Eq. (A.55) into account

W(;S = —pV > W. (A.58)

For the energy exchange due to mass exchange between the two subsystems
and the environment follows from Eq. (A.56)

2
M = M1 + MQ = Z [Lgk 'ﬁegk. (A59)
k=1
The corresponding energy exchange due to mass exchange between the
compound system and the environment is
MCS =M n° > M (AGO)

The last inequality follows from Eq. (A.56). In section A.3.3 we investigate
how these compound deficiency inequalities transform to other thermody-
namical quantities.

A.3.2 FEnergy and entropy

The first laws of the composite system and its environment are
U=Q-pV+h-n°, U =Q" —pV"+h" n* (A.61)

The composite system is separated from its environment by an inert par-
tition which is characterized by the following properties [see Eqs. (A.45),
(A.46)]

Q+h-n°=—-Q" —h*-n*, (A.62)

nf=n“=-n° V==V (a=n°+n’, 0¥ =0) (A.63)

(¢ denotes external exchange, whereas ¢ marks the change by chemical re-
actions).
Therefore Eq. (A.61)y yields

U*=—-Q—p'V*—h-n. (A.64)

The reduced heat exchange Q /O in Eq. (A.54) is connected to the entropy
rate of a discrete non-equilibrium system [Muschik (1993)]

s:%(mpv_u.n)m@w.s. (A.65)



202 Numerical Simulation of Waves and Fronts in Inhomogeneous Solids

Here & are the time rates of the variables in the state space (Eq. (A.12))
characterizing irreversible processes. An example for such variables are the
chemical reaction rates. In this case the 3 are the affinities of the chemical
reactions.

The relation (A.65) represents a non-equilibrium extension of Gibbs
fundamental equation which for the equilibrium environment is as follows

. 1 /. .
§ == (U* PPVt n) . (A.66)
The rates © and E describe non-equilibrium. The non-equilibrium entropy
is a function S(U,V,n,©,&) on the state space [Muschik (1993)]. The
equilibrium entropy S*(U*, V*,n*) depends on the equilibrium variables of
the environment.

Introducing Egs. (A.61); and (A.64) into Egs. (A.65) and (A.66) we
obtain

.1 . ) .
8:6(Q+h-he—u~h)+a@+ﬁ-£, (A.67)
Nk 1 - - e * e
S —F(—Q—h-n +u n). (A.68)
By the molar entropies
Os:=h — p, T*s* :=h"—p* (A.69)
Eqgs. (A.67) and (A.68) result in
S:l(QJr@s-ne—u-ni)—a©+ﬁ-5, (A.70)
(C]
Sk 1 - - e * L he
S —ﬁ(—Q—Gs-n—i—(u 1) n). (A.71)

Presupposing additivity of entropies we obtain for the entropy rate of the
isolated total system
Stot Q Ok 1 1 s - e
Gtot =G4 6 = (= - = (Q+es-n)

e 1 (A.72)

1 . [T . ;
(wF— ) -nt— 2 a CE>0.
+T* (W —p)-n g 1 +a0+B8-€>0

Here the inequality is caused by the second law valid for isolated systems
for which entropy rate and entropy production are identical.
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If there is no heat and mass exchange between the system and its en-
vironment, Eq. (A.72) results in the entropy production of the system in
consideration

—g-ni+a®+5-ézo. (A.73)

Since this entropy production is independent of the intensive variables of the
equilibrium environment, from Eq. (A.72) the following inequality follows

1 1 . 1
- . ne — (¥ — ) -n¢>o0. )
(@ T*)(Q+®S n)—I—T*(u @) -n®>0 (A.74)
If n° = 0, we obtain Eq. (A.1), if T* = © Eq. (A.3) follows. Thus the
defining inequalities are rediscovered.
For discussing compound deficiency in more detail we consider a special
example in the next section.

A.3.3 FEzxample: An endoreversible system

In the sequel we consider an endoreversible system which by definition
consists of subsystems being in different equilibria [Hoffmann, Burzler and
Schubert (1997)]. Because these equilibria are different, irreversible pro-
cesses take place between the subsystems. The use of endoreversible sys-
tems represents an analogue for discrete systems of the often accepted hy-
pothesis of local equilibrium of classical irreversible thermodynamics [Keller
(1971); Muschik (1979); Kestin (1992, 1993); Maugin and Muschik (1994);
Maugin (1999b); De Groot and Mazur (1961)]. Using it, points of the non-
equilibrium state space are associated with points of equilibrium subspace
by means of a projection. Thus we suppose a non-equilibrium state of each
discrete system is associated with an equilibrium state of the accompanying
reversible process.

In an endoreversible system all contact quantities of the subsystems are
identified with equilibrium bulk values

0% =0y =v; =1T;, j=1,2 (A.75)

For local equilibrium Eq. (A.50) is satisfied trivially.

In case of an endoreversible system the state space is much smaller than
that in non-equilibrium (Eq. (A.12)) [Muschik, Papenfuss and Ehrentraut
(1997)]

Z¢ = {V,n, T}. (A.76)
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For the two subsystems in consideration the local accompanying states are
Z;q:{‘/jvnjaTj}a Tl ¢T27 Vl #‘/27 111#112. (A77)

According to this, the entropies of the equilibrium subsystems 1 and 2 are
(Fig. A.3)

: 1. Q12 e
Sl = ﬁQl + S1 - 1'11 + Tl —|— S1 - 1’11_2, (A78)
~ Qo
S QQ + 52 1'].2 + T + 52 1'].2 1 (A79)
2

Because the partition between the two subsystems is an inert one, we ob-
tain according to Eqs. (A.45) and (A.46) for the heat exchanges of both
subsystems

Qi2+hy nf_,=-Q>1—hy-ns_, ns,_; =-—nj_,. (A.80)

Inserting Eq. (A.80) into Eq. (A.79) yields

S:=8,+8, = %—I—%—l—m nj + sy - nj
L ! 2 (A.81)
+(F1__> Q12 + (51— s2) - 0§ _ 2t (hz—hl) nj_,.

The composite system 1 U 2 is an endoreversible non-equilibrium system
whose entropy rate is according to Eq. (A.70)

) 1.
Scs = 6Q+S'ﬁe. (A.82)
For the internal energy we obtain according to Eq. (A.61)
Ui =Q1—pVi+h 0§ +Qia—piVieo+hy-0nf_,, (AS83)
Uy = Qo —poVa+hy -0+ Qo y —p2Vo1 +hy-0a§ ;. (A.84)

Presupposing the additivity of partial energies yields, if Eq. (A.80) is taken

into account,
U :=U, +.Uz = Q1.+ Q2 — Vi —.p2‘72 (A.85)
+hy - 0§ +hy -0 — (p1 — p2)Vi2.

For the endoreversible non-equilibrium composite system we obtain from
Eq. (A.61)

ch = Q—pV+h-1'18. (A.86)
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A comparison of entropies (Eq. (A.82)) and energies (Eq. (A.86)) of the
composite system with those of the subsystems (Eqs. (A.81) and (A.85))
shows that they are different

Scs # S, Ucs # U. (A.87)

This fact is just what we denoted by compound deficiency. Also the inequal-
ities (A.58) and (A.60) are caused by compound deficiency. The differences
between the quantities belonging to the composite system and those belong-
ing to the subsystems are discussed in the next section.

A.3.4 FExcess quantities
A.3.4.1 Ezxcess power exchange, excess mass exchange

For describing compound deficiency in more detail we introduce excess
quantities. If we denote a special quantity by [, the corresponding ex-
cess quantity OFX is defined by

> Op+ 0% :=0cs. (A.88)
k

We now discuss some of these excess quantities.
From Eq. (A.55) we obtain the excess power exchange

WEX = —pV 4+ p1 Vi 4 paVa > 0. (A.89)

If the discrete system in consideration is non-composed, that means, if
p1 = p2 = p is valid, we obtain WEX = 0.

The excess energy exchange due to mass exchange is according to
Eq. (A.56)

MEX = on® — py -0S + py -0 > 0. (A.90)
If the discrete system in consideration is non-composed, this means, if p; =
Wy = p is valid, we obtain MFX = 0.
A.3.4.2 FExcess energy

According to Eq. (A.88) the rate of the excess energy is by using Eqgs. (A.86)
and (A.85)

UEx :Zch—Ul—UQ = Q—pV—i—h-he

L . . , , . (A.91)
—Q1—Q2 + Vi +p2Vo —hy-nf —hy -0 + (p1 — p2)Vio.
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Taking Eqs. (A.17)5 and (A.89) into account we obtain
UPY =WFX 4 (h—hy) -0 + (h—hy) - 05 + (p1 —p2)Vi2. (A92)
If the discrete system in consideration is non-composed, that means, if

h; = hy = h and p; = ps are valid, we obtain UEX = .

A.3.4.3 FEuxcess entropy

According to Eq. (A.88) the rate of the excess entropy is by using Eqgs.
(A.82) and (A.81)

) ) ) ) 1. ) 01 Q-
EX . _ & - = gt _ L =2
S :=Scs — S1— 59 ®Q +s:n T T
s i syl — = — ) Oy (A.93)
1 2 Tl T2

1
T
Using Eq. (A.69) we obtain after a short calculation

. 1 1 . 1 1 :
SEX:<6—?1)Q1+(6—E)Q2
+(s—s1)-nf{ + (s—s2)-n$ (A.94)

1 1 - - e Mo M1 - e
— <?1 — E) (Q172 + h1 n1_2) - <?2 — Tl n;_,.

If the discrete system in consideration is non-composed, that means, if
Ty, =T, =0, s; =sg =s and p; = py are valid, we obtain SEX — .

—(s1—s2)-n7_, (h2 —hy)-nf_,.

A.4 Concluding remarks

A discrete system may be composed of subsystems interacting with each
other or may be non-composed. Therefore the description of the discrete
system in consideration depends on the information one has about the sys-
tem. It is clear the two descriptions are different, because different levels
of information result in different contact quantities between the considered
discrete system and its equilibrium environment. So e.g. the contact tem-
peratures depend on the description: If the discrete system is considered as
being non-composed, the contact temperature is that of the whole contact
surface between the discrete system and its environment. If the discrete
system is described as a composite system, the contact temperatures of the
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partial contact surfaces between the subsystems of the composite system
and the environment play a role.

The difference of these descriptions is a general feature in thermodynam-
ics of discrete systems which we characterize by the concept of compound
deficiency. Starting out with the additivity of partial exchange quantities
the compound deficiency results in different net exchange quantities and
different energies and entropies depending on the description of the con-
sidered discrete system as being composed or not. The thermodynamic
consistency between the different descriptions is achieved by introducing
excess quantities.

As it is shortly discussed, the concept of compound deficiency can be
extended to the contact of two discrete non-equilibrium systems by intro-
ducing replacement quantities instead of contact quantities. The excess
quantities of energy, entropy, and power and energy exchanges are calcu-
lated and discussed for an endoreversible compound system.
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